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RST QUARTERLY STATLJS, 

NATION PROGRAM 

are presented detailed technical sunmmries of the 
Phase I1 of the Orbit Determination Program for the 

, 1963, inclusive. Efforts carried aut unde 
to the  precision version of the Program are 

inate transformations 
These transformations 

omical literature and their primaqr purpom 
cities specified in moving coordinate systems 

tor and equinox obtaining at oh.o 
ial coordinate system. The inertial 

which the trajectory of 
used in the Prom 
ectory computati 

In addition to position and velocity transformat place in this system. 
provision has been made for trarlaforming the earth's gravitational force fie1 
into the same inertial frame. Libration transformations have been included 
f e two-fold purpase of spe g vehicle position and velocity with 
r t to selonographic coordi rigidly attached to the lunar surface, 
and transforming the moon's gravitational force field to the base date inertial 
reference. The-work reported in this Section was developed under Phase I. 

Ad%A 
Some of the transformations reported in Section 2.0, particularly th& 

dealing with precession and nutation, are approximations. 
literature from which these approximations were obtained, however, report more 

rate versions for the elements of the transformation matrices. In Section 
3.0, the equations for these higher accuracy quantities have been tabulated. 
In the case of nutation particularly, the amount of computation required to 
obtain the increased accuracy its quite large, and, before including such 
expressions in the program tests will be made to determine whether or not the 
increased accuracy affects the desired Program preciyion. 

WWV to a range-and-range-rate tracking station. 
included to illustrate the error magnitudes to be expected in a few typ 
cases. 

The r3-e aatronomic&l 

Section 4.0 derives an equation for computing timing signal del 
An error analysis is 

, 

Timing errors in Minitrack and range-and-range-rate systems data are 
described in Section 5.0, and methods for correcting these errors are 
outlined. A technique for resolving range ambiguities in R&R data is 
described. 

The work reported in Sections 4.0 and 5.0 was carried out under Phase I. 

Results from a comprehensive evaluation of precision in FORTRAN IV 



single and double precision subroutines are given in Section 6.0. Common 
ch as sine, cosine, arctan square root, and exponentid 
; the te8t results were ge ly in close agreement with the 

on 7.0 for storing atmospheric 

th atmosphere models, c 
overcome disoont9naiea 

nus, Mars and Jupiter. Interpolation procedures are 

d by the Kalman filtering process; none 
must be inverted in order to compute the 
residuals. Section 8.0 describes a method 
up t o  8 x 8 may be inverted through use of 

an iteration procedure for refining - 
this- estimate 

Sections 9.0 and 10.0 are both related to the use of two-body 
trajectories in the Orbit Determination Program. 
numerical differentiation formula is derived in Sect 

A 

ormula are to be: 

a. a mea cision attainable in c a 
two-body state transftion matrix, whether by meana of the variational 

para&ters now used in MIHI OF by soma other technique; 

b. a method for obtaining the elements of the true transition matrix 
in those inatancea for which the two-body approximation is inadequate. 

Section 10.0 treats the problem of accurately representing two-body 
motion, with particular attention being given to a universal representation 
applicable to all conics. 
and two methods are under consideration for overcoming difficulties 
from large values of the independent variable. One method suggested by 
Herrick, employs a “shifted epoch” to maintain reasonable values of the 
time-dependent argument; the other approach calls for the use of continued 
fractions rather than infinite series in representing the variables so aa 
to delimit the number of term which mat be carried for a specified accuracy. 
Section 10.0 also describes a two-body representation in terms of range 
angle or differential true anomaly. A program exi 
which computes not only the conic but also the ele 
matrix. 

Herrick’s variables offer promise in this 

I 
I 

in this formulation 
s of the state transition 

Bias errors to be included in MIEIIVAR are discussed in Section 11.0. I 

Among these errors are station location errors, uncertainty in the knowledge 
of Earth’s mass and oblateness terps, and uncertainties in the velocity of 
light and the astronomical unit. 
the state transition matrix and the point transformation matrices associated 

Section 11.0 discusses augmentation of 

with the variational parmeters. 

Another aspect of the two-body problem is treated in Section 12.0. 

L 



described whereby the effect of errors i n  the elements of the 
ion matrix on the elements of the Kalman f i l t e r  K 
is desirable t o  maintain the same precision i n  K 

the residual, (yc - yo); consequently, a computer s 
am w i l l  be run t o  determine t o  w h a t  precision the elements of 

matrix should be compated t o  obtain a given precision i n  K. 

routine, as described i n  Section 13.0, is based upon 
ommunication with IBIS. T h i s  concept i s  currently 

o t  a l l  af the wo 
tem. It is rep 

sion of the oblateness terms used in  ITEM, MINUAR 
and by JPL, based upon work by hula, is  given i n  Section 14.0. 
conclusion, based on this comparision, is that hula's recommended notatJon 
and nominal values w i l l  be included i n  the Phase I1 Program. 

The 

a 

Correction formulae for slectromagnetic propagation through both 
troposphere and ionosphere are contained In  Section 15.0. An exponantia 
decrying density is assumed for the troposphere, whereas a three-parmet 
d e l  is used fo r  the ionosphere; both modalrr are numerically integrated 
compute range and *-rate corrections i n  the troposphere. Coordinate 
systems and, transformations required for making the corrections are described. 
'phis work w a s  carried oat under Phase I, but is  directly applicable t o  
the high precision version of t Dgtermination Prop=. 



2.&1.1, PAEC Calculates Precession ktr 

2.4.1.2, 1BlfiA: Calculah Hutation Matrix 

2.4,1.3. LIBRA: Calculates Libration'Mat 

2.4.1.4. LIBRIUYT: of C h a n g e  of Libration atrix 

2.4.1.5. GBEPMT: through Greenwio 

2.4,106. GEBMAT: General Purpose Drthog@ Trpnsf'o 

vernal Equinaa 

4.2. Su#qidiary Subroutba 

2.4.2.1. DAQr Supplies time quantittiea used in ot 

2.4,Z.Z, EXPRt Calculates .several long expressions usted in 

Subroutinea Transform5ng Initial  Conditions and for Transformin 

2.4.3.4. XFQBIM: Tramforms in i t ia l  posit 

2.4.3.2, CfSATE: Calculates attractions on vehicle due t o  terrestrial 

L i s t  of Inputs and Outputs f o r  Subroutines 

from. lalylch date inpats 

and ltbration matrices 

2.4.3. 
s Attractions 

data system 1 

and lunar oblateness 

2.4.4. 

REFERENm 



t ion rto a Variable 

2. Deriva$ion of expreaaion for Triaxigi Lunar Potantid. 

lbmate Subr 



This report descrSbe8 tb tramformation of vehicle initial conditiane 
and lunar oblateness attraabiana t o  the wbase datew coordinate system 
rajectory calculations in  m A R * ,  The "base date@ system is de-= 

the direction of the vernal equincni of dt0 Jan- 1 of the ye- 
t o  %he launch year. T t  has been chosen aa' the basis f o r  calorrla- 

88 the planetary and solar coordjisates are written on tapes 9JI that 
Rgther than transf 
and the oblateness 

cle initla$ canditiona 
em, suoll as la t i tude, ' l  

SySte4ni determined by the 
diffew from tbe base 

e TraasfQxm@tion 
i x  [A] t h e p u p a  brings the i n i t i a l  conditione 'at0 tha 

The abhbness attraction Oi the earth is calculated from 
of 8, 
pressed in the true earth system, Since vehicle poeltion 
culated 

position of' the vehlcla from the cesCer of the e 

the hxijsctory portfon is %n base date components these 
transfgCoed via precession and nutation i n t o  the 
Thq r e s d t a p t  attraction %SI then transformed 

e system. 

The c a a b s s  
i n  MImAR. It i s  
t o  the moan's centgr a d  the lunar oblateness matrlsr; the latter 
takes a C C O w l t  Of'SPh@CtB$ harrpOnSC83 Of p 

, on the three lunar mom%nts of iner t ia?  

on of the moon hiis not been employed pTavitms3;y 
ulated from the vehicle positton with respect 

1 of degpte -3 based 

transformations described s r e  are a l s o  employed in 
' 041 the observations and the of partigl  derivatives 

w i t  o the state variableere These appl ica t iks  are not discusesd 
here. 

The subroutines here described are single precisioin; 
vastigation of double precision has been reserved for phase 11. 

herein haye not been program@ i n  phase I, 
corporate them 5x1 phase TI.  

The transformations of lunar-based i n i t i a l  conditions descrjtbed 
It is presently planned t o  in- 

*he "bsrae date" employed 
reference 8, The l a t t e r  is 
is used as an arbitrary refe 

tape i n  the Minimum 



2.2. IBB'INITIOEI CF COORDINATE S- 

formations t o  be 
otatiatl 09 r%ght- 
real, oytbogonal 
olved ere defined ' 

vectors tare cfiaracterimd by the clrsumf'lex aoaent * . 

I 

northern hemisphere. 

s y s t e m .  

496% & in w e  equator in Greenwich Meridian8 & n&l t o  . 

true equator, posit north pole; t o  form right handed 
* system with 4 a& 

he Nautlcal Almanac in 1854; a nuCati 
e 3.1 The Present-day formulas 4ra 

7 
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FIGURE 11 
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FIGURE IV 
AZIMUTEF AND 

dominant body 
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2.4.1. routines for Transformations 
i 

i : Precession 

spin axis of the earth i s  slowly 
lar attractions an the terrestr 

m as defined in Sec 
Figure V illustrates 
ion at base date. The 

I 

1 
i 
I 

I 
1 

I 
I 

I 

i 
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2,401020 r n A t  lrutation ' 

The [Nl mxtrix above is an apprarrhtion, valid t o  about 0.5 x lo4, 
The exact trans4oflPatian is given in referema 1, pp 6748, Fuller discuasiana 
of nutation may be found in references 5 and 60 

ion terma are recauputed if neede if the prior values 

_ ,  



Anomaly fr nding lode40f Moon's True &--tor on the Earth's True 
A = Equator to on4 s h i s  x,. 

* 

i Inclination of Moon' s True Equator to Earth's True Equator 



Q 
The quantities Eq 
quantity ( d -  +* 1 

The libration formulas e taken from reference 4, and may he f 

The libration matrix is recomputed when needed, except tha t  the 

a l s o  i n  references 2 and 1, 

prior values are used if' they were calculated less than 0.01 days prevfous2y. 

2.4.1.4. LIBRlLDTr Libration Rate 

conditions referenced t o  the moon. 
The time derivation of [L] is used 

In takfng of the eleimnts l d i  e o f  
C of 12' and of i are neglected i n  canparisan t o  t 

L-- - rate of precession of line of nodes - eflradi 
d t  

e 
di = rate of change of inulzneition 
dt dt 
cfA - rotation rate  of moon - dradians/27.5 d q p  
dt 

With the abme appruxhtiona one obtains 







obtained f r o m  EXPR, and the inputs ( d - dxe ), 
The values for  HRS, W N  and SEX are launch 

0 M I N I V B R O  

e entire subroutine is programmed in  double precirsion in d e r  t o  
avoid l o s s  of accuracy in  f~ (because of the mod 3600) and in t' (becanse of 
subtraction of large, nearly 1 rs) . 

The expression for  given in  references 1 and 2. 

2.4,1.6. GENMgT: General Purpose Orthogonal Transformation 

The transformations cS1, [D~] and [S3 defined in  Section 2.3 all 
the same form: 

cos d., 
COJ dq a b 4  

3Jd 4 9 J- 
itude and lati tude of the sub-vehicle 

the vehicle or stati 

For (SI, the lunar  'longitude A, of the vehicle replaces A, and lunar 
l a t i t ude  &, replaces # e o  

The above trernsf s m y  be obtained by inspecti6n of Figures I, 
11, and 111. 

2.4.2. Subsidiary Subroutine 
I 

20&201. DA'fE: Subroutine for time quantities 

subroutines, 
The output quantities are 4 , cfa , A< and d-dse. 
It is limited t o  launch dates 'between 1960 and 1970. 

The subroutine DATE uces the time parameters f o r  use i n  other 
The inputs are calander date of launch and time since launch. 

The program i s  purely procedural., 

RYEARP = gear of launch 
DAYS = day of year OR which launch occurs. (ex: DAYS 31 for 

launch on 8?5 Jan. 31) 



..- 

HRS = number a€ hours fully expired from beg inn ing  -af day of launch 

HMIN = nanibar d minutes fu l ly  expired from beginning of hour of 
launch to time of launch 

SEX = number of seconds and fractional parts of a second expired 
from beginnfng of minute of launch t o  time of launc 

t o  tinre Of launch. 

e - t l  = hours and fractions thereof f rm launch time t o  present t i m e  
of trajectory calculation, 

, calculate I: - 1939 
2, Lcokup =(I) and PR (1 t 1) from Table: 





a 

wheref T' L are obtained from 



1 
; fuller I These expressions n from references 

1 cussion of them is  given in e %2 under the of the a 
f o r  the sun, and in  reference 3. 

3. Subroutine id Conditions and for 
*lateness 

i 
i 

2.4.3.1. .XE'(I[RM: Transformation of I n i t i a l  Conditions 

This subrout calls upon all the previous subroutines as needed t o  
convert vehicle i n i t i a l  position and velocity into the base date sys tem of 
trajectory calculation. - I n i t i a l  conditions consist of three position coardhates 
and three velocity campaaenta. The velocity need not be specified in the same 
of coordinates as position, However, if moon referenced coordinates are used to 
expreaer the input conditions, either for  position or-velocity, the input, 
should be position relative t o  the m oop or velocity 
output then w i l l  be the position OT velocity relative t o  
the base date system. 

relative t o  the mooq, 
$,fB$ , expressed 

I gives i n  the left column the various forms that i n i t i a l  posi- 
information may take, and in  the right column the calculation t ion  or 

required t o  transfer it t o  the base date system, 
in  the table 
table tha t  [dl and [N] are negligible in a single precision program. It may 
noted that [ = [del [ t ]  , where 

The symbols used are define 
It has been asswned i n  the i n  what follows, o r  i n  Section 2.2. 

I 

1 
[de]  = antisymmetric matrix corresponding t o  ( & X )  

i I 

- 7  * I  1 1 

1 
A h A  I 

i n  the &YE% basis L p n d L k  is obtained from subroutine GAMMAT, 

I 

I 2 
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e" are i n  t t o  the program as 
and 69-6Qr The values used are 

and EPSSQ (Sect. 6, card 1, 

osition may be input i n  kilometers (RM) or  earth rad i i  
grees (W) for  angles.  he initial velocity may be 

input in kilometera per second (US) or earth r ad i i  per hour ( 
the trajectory calaulation is done in earth rad i i  4 earth 
conversion from KM and W S  t o  ER and ER/BR is performed. I 
subroutine INPUT, which precedes subroutine XF(IRM.  

2.4.3.2. OBULTEz Calculation of Oblateness Attractions 

.2.1. Earth Oblatenssss Attract 

The subroutine OBLAm transfarms the vehic 
ive t o  the earth' 
mess attrgction 

the true -&h syat- 
i o n s 4  and 7 of referenc 

culated using the tm es of fh. The result  
is then expressed in the system. The formulas 
effect , 

The vector(,)8is the earth oblateness attraction, due t o  the nutatigg, 
precessing earth, expremed in the base 9 t e  s y s t e m ,  
of equation 6) 
ignored. 

2.4.3.2.2, Lunar Obkteness Attract 

It is used i n  place of F2 
e 7,  and is eqwl  t o g i f  precession and nutation are 

Circumlunar trajectories are strongly influenced in  the neighborh 
of the moon by the lunar oblateness mass. 'Acc&eration terms correspondi 
t o  lunar oblateness attraction were added as F4 t o  equation (1) of refere 

2 40, 000 KM- otherwise 

I 

28 



A 
3!he vector R ~ c  irs vehicle position relative t o  earth 

The vec date system, obtained from the trajectory calculation. 
moon position relative t o  the earth, obtained froan core a t  
ZME i n  earth radii. 
be vehicle position re&tive,a rB2rencLbody c) other than e 
case the equation for&.is , q ~  j H!' -*- In either cas 
oblatenssa term is appreciable only if&is less than about 40, 

I n  phase I1 of the Orbit Determination 

The previous value for[%& is used if it was canpnted not more than 
ec. prior t o  demand. 

r ted Tbs dimensions of 6 as show above are EM/sEC2 
before addition t o  the other perturbation terms. t o  

z 
The derivation of the equations for F+ is given i n  Appendh 2. 

2.4.4. L i s t  of Inputs and Output for  Subroutines 



EXPR 4 N  Jt, et?, a, cf 
XF 43, & 

i 

, 

B3, @3 

: fiJLh!J Rvc z -. 
- A -  

4 I lhzrNiAaj xvc, RC&, pns 
3 

%?!%+- I 
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Government Printing Office, Washington DOC, 
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The expanded forms for&,j andd&i are given in the body of this  report 
2.40101. mc. 

I 

I 

I 

i 

I I 
, 
I 

2.t 

a 
32 
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Appendix 2. Der on of Triaxial Lunar Oblat 

position relative t 
of lunar mass 
of& relative t o  moon's center 
gravitation constant - 

pf be tota of moon 

lunar pota 

en886 dyadic is indepnds 
of lunar constants i n  a 



where A = & d ~ f l 2 + ~ L )  p r h c i  

“4 dn O2+,p) 
B =/n d~n (‘x*+z*) = p r i n c i p l  moment of iner t ia  on 

Tbe (attractive) force on the vehicle due t o  the oblateness portion 
of the 1 potentiel. is 4 

- 5 -  

. ,. 
e.. 

a 

t o  be, written in  the sane base system a&&]. Since 
jectorg calculation, it will be available i n  the ba 
t is therefore necessary t o  wri tef i l in  that system. This 

may be done by the similarity transformation composed of precession, nutation 
and libration: 



8 of A, B, C, above agree withr4fg a n d z  given in 
0 

I 

~ 

I 

I 

I 
I 



I 

(2) &t4= time from launch to  base date, i n  hours 1 

I 
I 

1 4 I uries from 0.0 Jan. 1, 1950 
I 

(5) 7-= -967- 



3.1. Precession Matrix A. 

me precession matrix A tramforms from a coordinate s 
and equinox of date to a coordinate 

eqpina of base date. References 1, 
mate formulations for the elements of 4. U n d e r  Pha8 
formulae have been programmed i n  single precision. 

e precision program for  these approximations is being 
the accuracy of the approximate faranilation, the exact 

ven below vill be urit ten i n  double precision and a comparison 
t h  the b b Z e  precision approximations. If the results corn- 

i n  a series of conputations t o  be specified later, then 
the approximate equations Wil l  be accepted for  use in the hi$h-precisian 
pr~mam. 

Let a t  epoch i n  the mean coordinate system 

s i n  the riman coor 

omponents in the 

A (?'e) - e 1950.0 mean system t o  the mean 

A b ) =  transformation from the 19%.0 man system t o  the mean 

rmationv* 
systeat of base date; 

system of epoch, 

Th-, 

ogonal, it inverse may be replace by its transpose, 

The follouing fcmmlae are  taken from Ref, 1. Matrix elemntis a,+ are 
given by: 



I 
, 
1 The precise velocity transformation i s  obtained by differentiating 

muation (311 



' I  

I 
I 





I 

oximation t o  th is  matrix is employed: 

I 

i i 

1 

8 

i 
I 

I 

! 
= mean obliquity; 

E = &‘+$E = true obliquity, 

In Phase I, the nut de is computed from I 

1 
1 

1 

I 

1 
1 

i 
l and the nnt a . .  
I 
! 

i =i I 
I 
I 

where $he arguments and $6; are various combinations of the follow- I 

(la 

ing ezigless i 
4 

n - longitude of the mean ascending node of the lunar orbit on the 
ecliptic, mcarsnred’from the mean -ox of date; J 

I 
I 

c =  e of the moon, measured in the ecliptic from the i 
i d date t o  the man ascending node of the lunar 
I 
I 
1 

then along the orbit; 

. ’ r’ = mean longitude of the lunar perigee, measured i n  the same 
m a D n e r a s - (  f 

t 
i 
I L = mean longitude of the sun; 

r = mean longitude of the solar perigee, I 

i 
! 



The form of the nutation matsix represented by Eguations (lo), (11) 
(12) have been programmed in single precision from the notes of J. B 
Double precision progrmmhg 0s this transformation i s  now being done. , 

I 

are described i n  Ref. 1. 
for the purpose of obtpinin 

the S-ler, less ac-ate 
More terms are includ 
the sine and 
ct  notation, I 

sine and cosine ar s are combinations of 

= longitade of t he  mean ascending node of the lunar orbit  on 

= the mean elongation of the moon from the sun; 

= the mean 

= the mean elongation af €he sun from the solar perigee; 

= the mean elongation 
of the lunar orbLt. 

For Phase 11, thebe argments are derived by updating the equations 

0 the ecliptic, measured &om the mean equinox of dates; 

b= (I- L 
f t =  (- f '  ongation of the moon from the lanar p 

j ' = L -  r 
F =  C(-n 

Q- i n  the  references from eppoCh 1900 to  epoch 19% and then combining 
a t e  mgbs as shown 'above.< TQ update, the variables iire 

d =  18,262.5 epheme+s days 

f =  0.5 Julian centuries 

Haking these substitutions: 



Addit ional ly ,  the mean obliquity, , is  given by - 
E =  Z J t 4 4 6 7 8 7 4  0 : 0 1 3  O d e d f  - 09 00 

+o:ooo 0 (20) 

Coefficients and argqarents for Equations (13) and (4) 
and 2 respectively, ' .  

in $abies 1 

43 



TLLBLE 1 

NUThTION IN LONGITUDE 

I 

I 

a.  (4 Note 1 
Degrees j 

-47.8927 
0,5800 

0.0028 i 

I 

! 

0.013 
I 

'21'+2f - 2 D t n  -0,001 

7 1- i'- D -0.0006 
-21 +2F+2f2 -0.0008 

-3 . 536 -0,00036 X T 
0.3499 -0.00086 X T 
-0,U8 +0,00033 x T 
0.0S9k -0,0001 X T  

2f  -20 +n 0,03&h +0.00003 K T 

003-3 
4.00!3 

3.5 2 1' 0.0044 -0.oooO3 X T 
16 l'i-n -0,0042 

17 21'+2F - 2 D  +2n -0,0042 +O,ooOo3 X T 1 
1 

18 - a'+n -0.0028 
19 -2c i - 2 D i - n  -0.OOlir. 

21 2 1 - 2 D + Q  0,001 
22 1 '4 -2F-2D+n  0.0008 

20 - l t + - 2 F - 2 b + Q  -O.Wlk 

23 1-D -0.008 

24 2Ft2n -0,5693 -0.OOOO6 X T 
25 9(: 0.188 *0,00003 )< T 
26 2ftR -0.09r;O -0,0001 T 
27 A t Z F + 2 - a  -0.0725 
20 ' R  4.Ohl.b 





I 



T W  2 

NUTA!MOPa IN OBLIqi l lTP 
I I 

23; (4 Note 1 
Degrees 

+ 0,0025 8 T 
+ O o O O O ~  x T ! 

0.0006 I 

0,0006 
1S3L -0,OOO8l T I 

i 

, 

I 
, 
I 

I 

! 
8'+2f - 2 D t 2 R  0.099 -0,0002 3 T I 7 

8 -$'+2F-2Dt2n . -0.026 

17 2 F + 2 Q  00 2 -0.O001 

18 , 2 F 4 - n  0.0 

20 -1 t Z F + Z n  -0.Ol.4 

21 1+n -000086 

23 - R + € ? f + 2 D  0.0061 

24 R + 2 F + Q  0.006lr. 

19 R + e f  c d 2  O o O 3 U -  -0.ooo03 

22 - J+n 0.0083 

25 ; ? f + 2 b t C n  0.0039 

J l !  

-0.0028 
-0.002 



a TAELE 2 (Cf"Um) 
NJTATIOPJ IN OELIQUI'K 

1 



3.3. 

a 





nts in these expressions can be made by using the more accurkb values 
and from Section 3.2, and e precise 
and Z . Development of the ts h t @ P  the investigations of the A and bJ matrices are completed. 

3.4. Greenwich Hour angl SCamH, utatian 



I 

i 
1 

Refinmnts in may be made by employing the more accurate I 

d u e s  of and E" fro@ 

3.50 
! Ezaphasis VTU be pSaced on first dete-ng the precision provided 

lq the A and hT matrices befare proaeeding to A, N, M, Iliz, and the 3.nverses. In 
this regard, the A and rJ matzicps employed 4 Phase I w e  now being prograupned 

i 
e precision, These matnlees W 3 i l l  be re-pro 

ned i n  W s  repoft, 
programs to determine at' 

Tf the discrepanq arises beyond the ninth signi  
the Phase I equations in double precision are adequate for 

cy occurs, 

. 11, If the discrepblcy occurs before We ninth, significant figure, then r' 
! more accurate ations +ire t o  be used. 



IuPmciEs 

1, Supplem?nt t o  the $stronondcal &herneris and the Bmerican 
d N a u t i c a l  Almanac, H. M, Stationery Office, London, 1961, 

2. cal &h*is for the Year 1962, H, M, Stationery Office, 

b, Kalensher, B, E., "Se2anographic Coordinates", J, P, L, Technical R e p o r t  
No, 32-41, Fe tbrnq  1961, 

53 



0118 described p S e V i O U 8 ~  emp&oy Jflian cenkzrierr 
s o f  time, each day uontaining 86,400 mean wlar 

de$ ta be employed w%th the Orbit Pete 
e sy.8tm $8 emblishqd at  base date 

I 

seconds. In the eph 
&ram, an brt ia l  co 
the center of a tu-year file of planetary coordbates. kps 

year mar be cbosan as a base d&e, the choic 
part%cm$ar ndsSso4 4s to b8 8n 1 

j 
! 

ed frmn a base epoch of 19P.0, i t  is eecessgpr~r 
h t s  tm man solar dap and JnUan cer&wiees 

1 1 4  gives accnnn;ilated d a p  and Juliap centuries 
I 
i 

I 
i 

as8 date for the ye- 19% t o  1986. 
Julian cm%wies are tabulated in double preci&n, 

time after the base date from ! Canversion from del date t o  Juli o m t W a 8  is cqrputfi fm 
I 

I 
I f e  - base date in J U a q  cent-es past 199.03 

d = ciays from base date; 
$i=hoursfraaa 
-= lnfnntcs of 
J = seconds of 

, 

so that the accunniZatsd time from U!%O”=ay be expressed ab , 

If time relative t o  the base dab is required, Af may be computed directly 
from Equation (A-1) i f  the desired civil date o affq qb However ,  if 
the c i v i l  date occurs W e r e  the relative tiate ie c 
from e4 



TABLE A-1 

6* 
7 
8 
9 3287 
1gcjW 3652 
1 4018 
2 4383 
3 

' t r t c  
47k8 
5u3 
3479 

'6 5844 
. ?  6209 

8 6574 
9 691s 
1970 7305 
1 7670 

so35 
3 8401 
4 8766 ' 

1975 9131 
6* 9496 

I 7 9862 
8 10227 
9 1059 2 
1 9 W  
1 
2 
3 12053 
b 12418 
198s 12184 
6 UlLS 

, 

* Leap Year  

i 
i 
I 

I 
i 

I 
i 

1 
i 

I 

i 

1 
i 

i 

4 
I 
i 

4 

t 
1 
1 i 
i 

r I 
! 

1 
i 
i 
1 
1 
1 
i 
i 

i 

; 

i 

i 
1 

i 

I 
I 

f 
! 
! 

I I 
! 

I 

i 
! 
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?'5&-&6 Q."f- @(,s,Ir'L26 fo-69 ofs: & f l  

The raw data from' the' R and 
measnrement at the graudd stat These times are synchronized 
ana include the time delay from WWB t o  the ground site. 

all computations must be made on the same time basis, propagation delay 
corrections from W t o  the site must be included in the computations. 
Because d y  three stations are involved, these corrections can be 

jwtem is related t o  the time 

Since 

rn 
- _  

and stored as p r o p  

e derivation of 
ief analysis of the 

equations. 

F i r s t ,  assume that  tihe great circl  
ground station has been determined. F trates some of the 
principle propagation paths that exist 

Essentially, the electr  t h  bounces between the 
ionospheric maxhum electron d the earthla surface. 
Experience has indicated that  cannot exist fo r  stations 
separated by more at circle arc). One 
limitation t o  the ade is the attenuation 

it occurs when the ang 
n t  to the ionosphere 

gnal can be received a t  a s ta t ion i n  both the one- 
s l igh t ly  and is  

greatly attenuated by the additional number of imperfect reflections. 
Thug tbe number of effective hops, M, , is determined from 

(1) 

where [ 3 indicates rduc t ion  t o  an 1 

in te  

e 2 illustrates the geometr 

+j. 

= great circle distance (BM) 

d t o  compute the 
! 

ge from which the propagation time is readily computed. 

t circle arc 
IYI, = number of hops, from (1) 
H = reflectfng height 

I 
I 

f 





.. 
. .  

Now, by definition, the to t a l  path length is /f = zmf 
the angle 8': e/,, and the propagation time, k = & / C ,  C 

i t y  of l i gh t  i n  the propagating medium. Thus 

4 .2 

Estimating the error i n  using th i s  equation can be based on 

First ,  assume t 

standard different ia l  techniques, 

c , the velocity of propagation i n  the 
medium, differas from the e space velocity. Then, 

a t  t is a t  its m a x  , i.e., * 6/ milliseconds 
error by 1 x 1 x d t  = bd,Xi~'~mill iseconds,  a ~ and tha t  a 

negligible amount. 



"- 

I n  t h i s  case, the timing e r for an er ror  of 100 KM in H is 
f, z milliseconds. 

t 
1 For both examples, the error  is seen t o  be significant. I 

might indicate a problem area. However, NASA's experience has been tha t  
a millisecond accuracy can be achfeved. 
apparent discrepancy between theory and observation is t o  be found i n  
the mechanization of the '.time-keepfng apparatus at the ground sites. 

The explanation fo f ' t h i s  
1 



s probably very reasonable. 

3 

! 

2. compute the polar angle between A and 3, 

. 

! 



TIME ADJUSTJiiENT AND AMBIGUITY 

t o  f rom b o t  t h e  M i n i t r a c k  and Range and 
Range R a t e  stems i n c l u d  e r r o r s  i n  t h e  t i m e  a s c r i b  
t o  t h e  v a r i s u s  q i t i e c  measured b y  t h e s e  systems a p p r o x i  
m a t e l y  equ ropagla t ion  time o f  t h e  s i g n a l s  f rom t h e  

e s  t o  t h e  ground s t a t i o n .  In a d d i t i o n ,  t h e  RARR m e a s u r e s  
w i t h  an ambiasti o f  a p p r o x i m a t e l y  11,000, 2750, o r  
l e r  depend ing  he l o w e s t  range t o n e  used .  Both t 

t i m e  a d j u s t m e n t  and  a m b i g u i t y  r e s o l u t i o n  r e q u i r e  a know- 
l e d g e  o f  t h e  a p p r o x i m a t e  r a n g e  t o  t h e  v e h i c l e  and hence  b o t h  
c o r r e c t i o n s  w i l l  b e  made as p a r t  of  t h e  Y I N I V A R  program u s i n g  
a nominal  r a n g e  computed from t h e  most  r e c e n t  e s t i m a t e s  o f  
t h e  s t a t e  v a r i a b l e s .  

These  e r r o r s  and proposed  c o r r e c t i o n s  a r e  d e s c r i b e d  

5.1 YINITBACK Svr t e u  

The time a s c r i b e d  t o  t h e  d i r e c t i o n  c o s i n e s  measured 
by t h e  H i n i t r a c k  s y s t e m  are i n  e r r o r  by t h e  p r o p a g a t i o n  t ime 
from t h e  v e h i c l e  t o  t h e  s t a t i o n .  T h i s  e r r o r  w i l l  be  c o r r e c t e d  
by u s i n g  a nominal  r a n g e  computed by i n t e g r a t i n g  t h e  e q u a t i o n s  
of  mot ion  w i t h  t h e  most  r e c e n t  e s t i m a t e  o f  t h e  s t a t e  v a r i a b l e s  
a s  t h e  i n i t i a l  c o n d i t i o n s .  One v a l u e  o f  nominal  r a n g e  w i l l  be 
used  t o  c o r r e c t  a l l  d a t a  w i t h i n  a f i v e  second i n t e r v a l .  Us ing  
t h i s  s i n g l e  nominal  r a n g e  f o r  f i v e  s e c o n d s  of d a t a  causes a 
t i m i n g  e r r o r  o f  l ess  t h a n  0.3 m i l l i s e c o n d s ,  which  is n e g l i g i b l e .  

, 
5.2 'R-anqt  and Ranee R a t e  System 

! 
The RARR s y s t  d a t a  b l o c k  i n c l u d e s  10 measured qua 

t i t i e s  and a r e f e r e n c e  time, Ts, p l u g  v a r i o u s  d a t a  q u a l i t y  
i n d i c a t o r s  and f o u r  c o n t r o l  d i g i t s .  Each  'of t h e  measured quan- 
t i t i e s  r e q u i r e s  a t ime a d j u s t m e n t  f o r  t h e  e f f e c t s  o f  p r o p a g a t i o n  
i n  o r d e r  t o  e f f e c t  t h e  c o r r e c t  c o r r e s p o n d e n c e  be tween t h e  
measurement  and i t s  a s s o c i a t e d  time. The e r r o r s  i n  a n g l e ,  r a n g e  
and r a n g e  r a t e  measured by t h e  RARR system and t h e  p roposed  I 

a d j u s t m e n t s  a r e  d e s c r i b e d  below. 

5.3 A n q l e s  

The a n t e n n a  p o i n t i n g  a n g l e s  r e c o r d e d  i n  a d a t a  b l o c k  
a r e  measured a t  t h e  r e f e r e n c e  t ime,  T,. However t h e s e  a n g l e s  0 I 



d a t a  f r o i  t h e  RABR 
y t i r e - l a b e l e d  

a c c u r a c y .  In a d d i t i o a ,  
a o u r e  r a n g e  

a m b i g u i t i e s  
ange  b u t  a l s o  

t o  a c c u r a t e l y  time l a b e l  t h e  r a n g e  r e a d i n g .  

The range ambigu c a n  be r e s o l v e d  by i n t e g r a t i n g  
q u a t i o n s  of mot ion  t t e r m i n e  a nominal  r a n g e  
same nominal  r a n g e  c t o  r e s a l v a  t h e  

i t i e s  i n  a t  l e a s t  a m i n u t  d a t a  but t h e  
c o r r e c t i o n s  compwted u s i n g  t h i s  nominal  r a n g e  would be i n  

by an e x c e r r i  new nominal  
f f iwe s e c o  ataces t h i s  er 
e rab le  v r l u  The unambigu 0 he l o w e s t  r isle, f L ,  used and 

block i n c l u d e s  a c o n t r o l  d i g i t ,  C1, whic  
st range t o n e  used  t o  measure  t h e  r a n g e :  

egation t i r e ,  TRT, 
i n c l u d f n g  t h  , TT, 5 s  g iven  by 

( 2 )  

Ta - IT- 

TRT =: TP 4 

where Tp i s r  t h e  measured t ime  i n t e r v a l  be tween c o r r e s p o n d i n g  
zero c r o s s i n g s  of  t h e  t r a n s m i t t e d  and r e c e i v e d  s i g n a l  (R in 
t h e  d a t a  block) and, Ta is t h e  p e r i o d  of t h e  l o w e s t  r a n g e  t o n e r  

T, - 1 (3) 
fL 

- 6 



I 

I 

] 
The t r u e  r a n g e ,  R,, is t h e n  g i v e n  by 

in Eq, 2 mean t h e  i n t e g e r  p o r t i o n  of t 

ip '  t i m e ,  t h e  time of t h e  

w e  t h a t  sma l l  e r r o r s  in RI d o  n o t  
p e r i o d s  of t h e  l o w e s t  r a n g e  t o n e  t o  

I 

The r a n g e  r a t e  d a t a  r e q u i r e s  o n l y  tiere a d j u s t i n g .  
However S i R C e  t h e  r a n g e  r a t e  d a t a  i s  a c t u a l l y  a measure  of  t h e  
change  i n  r a n g e  a t  two time t h e  a c t u a l  t ime of t h e  measur  
ment f o r  an a c c e l e r a t i n g  ve c l e  is unknown. However a 
r e a s o n a b l y  c l o s e  t i m e  c a n  be o b t a i n e d  t h e r m o r e ,  w h i l e  I 

e of t h e  h i  

r a t e  measurement  w i l l  be n e g l i g i b l e  f b u t  t h e  l o w e s t  
s a t e l l i t e s  n e a r  z e n i t h  and t h e n  o n l y  n t h e  l o w e s t  d a t a  r 
c o r d i n g  r a t e  is  used.  The me of t h e  r a n g e  r a t e  measureme 
TDM, is t a k e n  t o  be 

t o  t h e  r a n g e  



c2 c 3  

3 - ' 
* 0.1.2 

0 or 4 229263 14328 
131007 8 1 8 7  
65503 4093 
32 75 1 '' 2046 - 

is g i v e n  by 

where f 
The up-f ink frequency and t h e  b i a s  f requency  a r e  determined 

is  t h e  up- l ink  frequency and K i s  t h e  b i a s  f requency .  

a r e  g i v e n  i n  t h e  f o l l o w i n g  

K fct - 
2370,1329 UC 500 KC, 
22761,9328 LEG 500 KC 
2271.9328 YC SO0 KC 

148e26 30 KC VHF a 
The v e l o c i t y  of  propagat ion ,  C ,  h a s  n t as  y e t  been 

s e l e c t e d  and can b e  an i n p u t  t o  t h e  program 

i 
t 

i 
a 



s document describes the results of an inves 
accuracy of the single and duuble Fgscision 
are standard for the IBM 709 

t o  estimate the l e  

I 

t 

numerical subroutine, P(x), is 
am: to compare the value given by 

subroutines t0 the  exact v8J.m of the function a t  some argument. 
decided t o  s i q l i f y  the post-mn amilysis by inputting 
the FMction and l e t t ing  the computer evaluate the err0 
deok used in tbis analysis together with a pr 
w131 be delivered t a  CiSFc. 

6.2 Source of Tables 

hand cdlC\llatioa sounded to" l7  s%gnificeurt figures for m u  

was u t i l i zed  a f t e r  laces.  or the exponential (e* ) ,  
18 place table uas 

It 

1 

I 
FOr sqn= ction the -ct values wePC ob 

lace table published a t  lo interval 

17 places prior t o  input. For the  
s uere the best obtainable so that 

availalile Were 12 places which was not 
', e probably limiting the  accuracy, 

stead of axctan x arctan 
answw (%mod< 3 vas a- 

ington), Thas, the err0 
ed with the arctan subrou 

errors, , 

he last pZaca for 
l a s t  place far double 

precision evalualiion. 
b 0 , d l  M C i  gmms, l e t  f~(+! = M 2 &me 

We w i l l  c a b  the %tale. of F" a d  2 fa the tkuxi.tyr~. Also, S 5 2 b -27 
and D = Zb-= are the erract definiaans of S and D, 



The error i s  defined as the computed value adnus the exact 
VZl'l?l 
the 

orq, the error i s  positive if F(x], the value yielded by , is larger than the exact value. 

l e  precision amputation there are errors other than the 
t ian which are 
al srror than s occwr. For s i n  

ced into the pr  

, these &ra errors i n  F(x) are 8 orders of 
subroutine and are thus entirely negligible. 

6.4.1 I 

Inmost cases, the argments were exactly expressible i n  binary 
notation so that there is 110 emor due t o  computing the argument. 
and eosine, though, lo - lT/180 is kanscmdental and cannot be t?xactfy 
expressed in binary notation so that there is an unavoidable error in F(x) 
due t o  rounding off x. 

For Sina 
I 

; 

I 

! 
I 

I 1 es  are known t o  sufficient placx 
in decimaj. i s  negligible, the 

being log x far I the n w e r ,  on being inputted, izt i or  is made i n  doing SO. This error ! 
from the total error. 

I 

The double precisian subroutines used i n  the tests were i 

while the single predsion subroutines used were 

I 
I 

1 

I 
essable exactly in binary notation so 

1 

!&e I€@ writeup indicates tha t  an i terated Newton-Raphsoa method I 

is used. 
positive. 
final divfsion i n  the subroutine. 

It is a characteristic of this method that the error i s  always I 

A characteristic negative error  is caused by a truncation on the 

i 

! 

b. 



The rwzs showed tha t  the error was not continuous but, rather, 
random both in sign and magnitude. Of the 97 cases run, 60% gave negative 
errors and 40% gave positive errors indicating that the i teration error is 
w e l l  bhanced with the truncation error ,  The xw&num error was 1.0s (1 i n  
the last place) which vas perfectly satisfactory and the RHS m o r  w a s  
which was also satisfactory. For a unity of 1.0 = 20, .7u x was the 

error and the I$% was .306 x lo'* (the subroutine specrf$cation was 

edsioa 

cases w e r e  run us 
error. 

the double precision routine so 

The error  wa8 almost &.-a negative (95 out of 97 times) which 
indicates that roundoff uas not a problem nor was t h e  numb- of Newton-  
Raphson iterations, The largest error in -@tude was 31, which includes 
a l l  the  errors discussed i n  Section 6,lS,2 as  w e l l  as the error  in the mb- 
r o u t h e  itself, 
w a s  about equally caused by the various effects, 

It i s  believed that the error  which was random i n  
!&e BMS valup 

ch for  a unity of 1.0 gave ,626 x 10' 
%e subroutine vrite-np lists 1,s 10-'~4 2 

used f o r  computing the sine and cosine 
ether. Two types of t e s t s  w 

s t o  determine 
betwe- + 13 fl t o  test the reduction t o  the interval + 
was  fomz sa t i s fadary  within the above range f o r  bot 
precis ion. 

Since the argunwnt must be i n  &dim 
of the r ight  accuraqr uere for degree measure, 
of A& . 
single and double precision cases of at most one b i t ,  

6.5.2.1 Single 

The divided into or sine, 6 for cosine) 
each woup cover1z1 
the s t a t i s t i ca l  removed from tihe output error. The resultant 
IM error for t 
subroutine errm was found t o  be 1.163. 
sine or  cosine oa~l be taken as 1.13s or .842 x 
The subrouthe mite-up gives 1.0 x 20'" as the Hiaxlmarm error which is i n  
good agrewnent 

the only tables 
s were multiples 

Thus there was an input error (see Section 6.4.1) f o r  both the 

, the IUS error was calculated and 

outhe itself was LlOS. For the cosine, the 
The subroutine error for ei ther  

(both are RIB values). 

t h  the empirically determined values above, 

6 



The error in sine was always negative and i n  cosine almost 
always positive but both were random i n  magnitude. 

0 
6.5.2.2 Double Precision 

Here, i n  addition t o  the subroutine error, there are argument 
errors (see Section 6.4.1) and m o r s  i n  inputting the aac t  function (Ype 
Section 6.4.2). We assume that the former is  at most one b i t  ( a t  the 

scale factor) and the latter one b i t  a t  
n t o  be Miformly distributed* 

i n  Section 6.S.2.1, the data were divided into 6 groups of 
sard statistical corrections made for the argument error and thb 

a a c t  function 
found t o  be 1.570 x u)-" . ~ h u s  f o r  
eithydp5ne or cosine, the  R@ subrouti 
x 3.0- or 3.32% 9118 write-up for the ontine ~ s t s  .7 x as t 
rmsinmu error and is about 2:l lower than the eqirically der$- value. 

For the sine, the resultant RMS arror was 

or may be 88 ,& 

The mor for sine was always negative whereas f o r  cosine it 
was of random sign. 'phe magnitude of the error was random, 

6.5.3 %ogdlrithm 

the logari 
adequate over 

(both single and double precision versions), the subroutines w e r e  spot-chec 
over the range of arguments 1 x 
found ta be reasonable for the precision fnvolved. 

the base: 
The same FQR 

&e d e s  one t o  determine the accuracy of 
e second t o  a m r e  that the computation is  

On the basis of about 60 runs of each logaz3thm subroutine 

through 2 2  x lo4 and the errors  were 

There are three types of logarithms i n  current use differing i n  

subroutin@ i s  capable of computing any of the three, the 
i n  an a t p u t  transformation, 

biaary (base 2), natural (base e = 2.718) and Briggs (base 10). 

Since the difference between 
bmr, only one uas tested, that one being the natural 

8 of- high accuracy are available. 

A s  used for the k0 runq 4ecking accuracy were be 
e - i  and 
discussed in sec 
and double precision cases. 

d so that there was no argMaent error made (as 
6.4.1], The  me Lo-atrguments were used for  t;he single 

For this case, the REes error  found was .tbl x lo-' as the error 
i n  the subroutine itself which corresponds t o  about .619S which may be used 
for  e r m r  analysis purposes. The subroutine write-up lists 3 x LOe8 as *e 
mazcimmp error WNch i s  in agreement with the empirically derived error of 0 1.35 x (maxfmnm). 
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The errors were random i n  magnitude but mairily positive, 
I 6.5.3.2 Double Bec i s io  

For this case the exact values were only known t o  36 decimal 

e maninalm emor i n  the exact value. "h is &so er 
t accurate table available, so that an error of + 

D made inputting the exa& value, 

uniformly distributed errors mentioned above, 
1.37 f) which, for a unity of 1.0, is ,760 x 

which the subroutine write-up gives as the maximum 
oses, 1.37 D q be used as the RIB error, 

of lo arithm, there 
functions i n  wide we: 
capable of finding any one of the exponentials, 

transformation. For this reason only one 
ecked out, namely e 

three exponential 
3.0 -P; and e %  , The FOR!P&w subroutine 

for which accurate 

TWO of runs were made: one set from 
the subroutine 

routine workis .for the 

Tu test the roatixEB over a 
macle of the single and double precision 
a y  f 
showed that e? was being computed correctly by the s-e and double precision 
subroutines oyer the range - 27, 5 6 
of e given above, 

range -075 E 5 075, corresponding to .S C_ e+ 4 2.0, me arguments for  
all r u m  were chosen so tha t  no argue& error uas made. 
fo r  t e s t i n g  the range ~f e? uere, later, also used f o r  evaluating the accuracy, 

range, about 40 runs each were 
s covering tbe range 1.9 x 10 

The result ing run 

15, which corresponds to the range 

3.3 x 106 , about 2 o r  3 runs per decade of e F  

For aocuracy detemiqation, 25 runs were planned covering the 

Thti 40 runs designed 

The 25 rtins w e r e  divided in to  two groups of 1 2  runs, one group 

Thus, the assumption of the same relative error for the two groups 

having it unity of 1. and the  other of 2. 
found, .882 x loo8 = 1.184s for the first group and ,94l x = .63X f o r  
the second. 
was doubW". Instead, a tentative asamption was made tha t  the subroutine 
method yields a different relative mor for  negative F than for positive 7L . 
Themns: -27.5 3L C_ -1.0 andtherum: 1. 5 .Y. 5 15.wereused and 
the RPIS of the re lat ive error was found ta  be 1,256 x 

The RMS error of each group wa8 

f o r  negative and 



a 

or  positive Y ,  corresponding t o  errors of about 1.10s and .%%, 

.75 range. 
These results agree w e l l  with the values obtained from the 

(1.26 x )e# or 1.18s should be used as 
)e+ 81: .63S should be or negative 3c and that (.6u x 

7; , It was noted that  a l l  runs with positive had negative 

error or error in knowing the 
i n  illputting the exact value ( a t  most 1.0 D) is made 

g BEIS error was found t o  be ,7631, for  negative 

the data statist ically,  

exponents and 2,569 far positive exponents from 25 runs in the - . 7 5 S j r  4 .7  
range. There is evidence, however, that f o r  large negaave exponents, the 

determjned from the 27 runs in 

is a better Q r o m t i o n  for 
s found that, €or negative .>L 

d 2,57D (or 1.99 x lO-'e? 
osit ive e4mnent8 , 

tion f o r  the .32;1#D term i n  the error is 
(the result  of an input multiplication i n  

ce of this error f o r  positive . 
6.5.5 kctangent 

Since accurate tables of the arctangent are  not available the 
function that w a s  actually used f o r . t h e  t e s t  was arctan (s in  
Therefore e r r o r s  i n  the sine a d  cosine subroutines were mavoidably confounded 
w i t h  those i n  the arctangent subroutine. 
not separate the RMS error due t o  the arctan subroutine d o n e  but can only 
find a t o t a l  RMis error, including these and other errors as w e l l ,  
precision, this t o  
double precision, x 10"~ radians. 

as negative by 

/cos31 j. 
The result of this i s  that we can 

For single 
error was  f o h d  t o  be 1.38 x radians and for 

It o found that 3rd and 4th quadrant angles are computed 
ne so that  the output quadranting is - f i ' ~  arctan+ 

6.5.6 Double Precision Input-OUtput' Errors 

was obtained for  the to t a l  error obtained by use of the standard PORTRAN I V  
library subroutines f o r  inputting and outputting double precision numbers, 

As a by-product of the above investigations an approximation 





a c c u r a t e l y  s i m u l a  h e  t r a j e c t o r y  o f  a n  a r t i f i c i a l  
I 

! 

# 

I 

l a t i n g  p l a n e t a r y  a t m o s p h e r e s  t h e m s e l v e s ,  and t h e  r e s u l t s  o f  
making c e r t a i n  s i m p l i f y i n g  a s sumpt ions .  The o b j e c t  of  t h i s  
r e p o r t  is t o  come up w i t h  a recommendat ion f o r  a method o f  
s imu1a. t ing a t m o s p h e r i c  d r a g  r e p r e s e n t i n g  a c o m p l e x i t y  c o r r e n -  

of t h e  a r t ,  

I t  shrsuld be ed t h a t  t h e  q i a a i o n  o f . t h e  v e h i c l e  has 
t o  b e  c o n l i d e r e  t h r e e  missions i n  which a t m o s p h e r i c  

p a r t .  The f i r s t  m i s s i o n  is a low 
E a r t h  o r  a n o t h e r  p l  

r e - e n t r y  and . t h e  t 

;*' and "f ly-by" Cases .  
The t h r e e  c a s e s  w i l l  b e  r e f e r r e d  

7 .2  D i e c u s s i o n  

7.2.1 D e c e l e r a t i o n  

7.2.1.1 Continuum Flow - 
The u s u a l  fo rmula  suming c o n t i n u o u s  a i r )  f o r  t h e  

magn i tude  o f  t h e  a c c e l e  

( 1 )  

where ' 

p h e r e  a t  t h e  v e h i c l e  
I o c i t y  o f  t h e  v e h i c l e  w i t h  

r e s p e c t  t o  t h e  a tmosphe re  
cois t h e  d r a g  c o e f f i c i e n t  o f  t h e  v e h i c l e  
6 is  the e f f e c t i v e  s u r f a c e  a r e a  p r e s e n t e d  by t h e  v e h i c l e  
/mi.$ the  mass o f  t h e  v e h i c l e  

I 



7.2.1.2 F r e e  Molecu la r  Flow 

t h e  a tmosphe re  
a c t s  of a i r  
a m e t e r  of t h e  

become two-body 
s is no l o n g e r  
o s p h e r e ,  where a 
t h  exceed8  t h e  d 
a l l e d  f r e e  m o l e c u l a r  

u s i n g  t h e  Maxwell-Blotzman D i s  
o rmula  f o r  d r a g  d e c e l e r a t i o n :  

( 2 )  

i c l e s  i n  t h e  medium 

r e c t n e s e  of t h e  
o r  whe the r  a more I 

c o r r e c t  e q u a t i o n  is 

From f I ) ,  it w i l l  be seen t h a t  1 v a r i e s  v e r y  
i d l y  w i t h  a 1  d e  so t h a t  t h e  change  from 2 R s A  

(where  t h e  t r a n s i t i o n  from c o n t i n u r n - f l o w  o c c u r s )  t o  Z 
(where  t h e  c o  t i o n  becomes n e g l i g i b l e )  t a k e s  shor 

7,2,1.3 Drag 

r e c t i o n  of v e h i c l e  v e l o c i t y  w i t h  r e s p e c t  t o  t h e  a i r ,  S e c t i o n  
f i n i t i o n ,  t h e  d r a g  for( ;e  a c t s  o p p o s i t e  t o  t h e  d i -  

t h e c a l c u l a t i o n  o f  t h e  Va v e c t o r  i n  i n e r t i a l  G O -  

r t  

a 
I 
I 



7.2.2 Mass o f  V e h i c l e  

u tmos t  g e n e r a l i t y ,  v e h i c l e  mass s h o u l d  b e  con- 
r i a b l e  w i t h  t ime.  I n  t h e  o r b i t i n g  case or t h e  

f l y - b y  c a s e ,  a s t e p  change  i n  mass r e p r e s e n t i n g  t h  
o f  a l a n d i n g  c r a f t  c o u l d  be imagined. A long- te rm 

I d  p r o b a b l y  b e  smal 

een t ry  c a s e ,  i f  , t h e  mass woul 
s f l o w  r a t e  i s  
a p p l i c a t i o n s ,  ge  i s  u s u a l l y  
v e n t ,  s u c h  c h a n g e s  i n  mass  r e p s e s e n t  a oma l l  
i o n  o f  t h e  impact  p o i n t .  

7.2.3 S u r f a c e  Area 

The e f f e c t i v e  s u r f a c e  a r e a  i s  o t  s i m p l y  t h e  c r o s s -  
s e c t i o n a l  a r e a  of  t h e  v e h i c l e .  The v e  c l e ,  i n  p a s s i n g  t h r o  
t h e  a i r ,  p r o d u c e s  a which s k i r t s  t h e  m i s s i l e  

i o n a l  a r e a  t h e  a r e a  a t  a 
i n c e  t h e  shock  wave c h a n g e s  w i  

and any  v a r i a t i o n  w i t h  speed  is 
t i v e  c r o s s - s e c t i o n a l  a r e a .  In 

s t h a t  t h e  a n g l e  of a t t a c k  
o f  t h e  v e h i c l e  i s  zero, i.ee, t h a t  t h e  v e l o c i t y  ( r e l a t i v e  t o  
t h e  a i r  mass) i o  i n  l i n e  w i t h  t h e  v e h i c l e  l o n g i t u d i n i l  a x i s .  

7,204 A i r  Speed 

a v a i l a b l e  i n  an i n e r t i a l  c o o r d i n a t e  s y s t e m ,  t h e  v e l o c i t y  of  
t h e  a i r  mass i n  e same c o o r d i n a t e  s y s t e m  is s u b t r a c t e d  t o  
g i v e  t h e  r e l o c i t  w i t h  r e s p e c t  t o  t h e  moving a i r  mass; t h e  
magn i tude  of thi v e l a c i t y  is t h e  a i r  s p e e d .  A good first 
a p p r o x i m a t i o n  t t y  o f  t h e  a i r  mass i s  g i v e n  by as- 
sunring t h e  a f r  i g i d l y  a t t a c h e d  t o  t h e  r o t a t i n g  
p l a n e t .  *@ 

t h e  wind v e l o c i t y .  The p u r e l y  l o c a l  e f f e c t s  h a v e  t o  be  neg- 
l e c t e d  b u t  t h e  g term h o r i z o n t a l  e f f e c t s  a r e  known a s  a 
f u n c t i o n  of  po  on on t h e  E a r t h ' s  s u r f a c e  and a l t i t u d e .  To 
t a k e  them i n t o  o u n t ,  we would have  t o  i n c l u d e  d i r e c t i o n  
( i n d e p e n d e n t  o t i t u d e  b u t  d e p e n d e n t  on l a t i t u d e  and l o n g i -  
t u d e ) ,  magn i tu  s t r o n g l y  d e p e n d e n t  on a l t i t u d e ,  l e s s  s t r o n g l y  
on l a t i t u d e  and l e a s t  on l o n g i t u d e ) .  
l e c t i n g .  E a r t h  winds i s  a b o u t  1500 f e e t  a t  impact  f o r  a t y p i c a l  

S i n c e  t h e  v e l o c i t y  of t h e  v e h i c l e  i s  c o m p u t a t i o n a l l y  

x i m a t i o n  c o u l d  b e  o b t a i n e d  by a d d i n g  

The e r r o r  made by neg- a 



i n d s  a r e  of  impor t ance  
or t h e  r e e n t r y  c a s e .  

7.2.5 Drag C o e f f i c i e n t  
- 

n t  (CD) i s  s e8 c o n s i d e r e d  t o  

f Mach number, I 

e a c c u r a t e  repr 1 

e e d  ( s e e  se 
of sound,  The s p  of  gound is  a 

t c a n  be  e a s i l y  computed f r s m  a s t o r e d  
o c e d u r e  u s i n g  l i n e a r  i n t e r p o l  
d i f f e r e n t  t a b l e  is used f o r  e 
t h e n  computed by d i v i d i n g  i n t  

a i r  s p e e d  as p r e v i o u r i y  computed. 

As a l t i t u d e  i n c r e a s e r o  t h e  a t  e re  becomes r a r i f  
e”p0in . t :  t h a t  s p e e  of sound l o s e s  p h y s i c a l  s i g n i f  i c  

.2 Accuracy o f  Drag C o e f f i c i e n t  

e of t h e  ma3 urces of i n a  u r a c y  i n s t h e  $ 

l e d g e  of t h e  a g  c o e f f i c i e n t  
t u n n e l  measurements  and t a b u l a t e d  

t o  a b o u t  1 p a r t  i n  30. e s t ,  t h e n ,  t h e  e r r o r  i s  1.7% 
from t r u n c a t i o n  he t o t a l  error i s  b e l i e v e d  t o  more i n  t h e  
o r d e r  of 346 e a t  t h e  t a b u l a t e d  p o i n t s .  

7.2.5.3 C a l c u l  n o f  Drag C o e f f i c i e n t  

Qach numbers II er below Mach 2 t h a n  above  an 
d e n s e  i n  t h e  r Mach 1, For i n t e r m e d i a t e  v a l  
JII, l i n e a r  i n t e  o l a t i o n  is u s e d r  

- I n  p r a c t i c e ,  CD i s  t a b u l a t e d  f o r  a b o u t  25 d i f f e r e n t  I ’  

I 

A t  t h e  p r e s e n t  t i m e  t h e  c o n c e n t r a t i o n  i s  on d e t e r m i n i n g  
t i o n  o f  J u p i t e r ’ s  a tmosphe re .  I t  i s  c o n s i d e r e d  p r e  

i d e r  d e n i s t y  v e r s u s  a l t i t u d e  a t  t h  1 

e d e n s i t y  versus  a l t i t u d e  f o r  Mars  is  f a i r l y  w e l l  , 
agreed-on  t o  an a l t i t u d e  o f  a b o u t  30 km. Up t o  80 km of a l t i t u d e  
S c h i l l i n g  g i v e s  a v a l u e  f o r  d e n s i t y  w i t h  a maximum u n c e r t a i n t y  

. I  
1 



t 8 . ~ 3  and a one-sigma u n c e r t a i n t y  o f  a b o u t  3 2 1 .  The model 

a r i t h a  o f  d e n s i t y  is s t o r e d  i n  a t a b l e  v e r s u s  
a r l y  i n t e r p o l a t e d  be tween t a b u l a t e d  vaktaei, and 

t B  a ?-value t a b l e  of  d e n s i t y  and a l t i  
f 1.4% can  b e  o b t a i n e d  f o r  t h e  S c h i l l i n g  

of S c h i l l i n g  i s  e a s i l y  approx ima ted  by an  e x p o n m t i a l  i n t e r p o l a -  

l o u d  l e v e l  ( a t  a b o u t  30 km . in a l t i t u d e ) .  
A t  t h e  p o i n t  where  t h e  s t a r  Regu lus  was o c c u l t e d  i n  1959 ( 1 0 0  km 

. i n  a l t i t u d e )  f a i r l y  d e f i n i t e  d a t a  e x i s t ,  

t h e 0 T i e S  of t h e  mod of  t h e  a t m o s p h e r e  
one t h e o r y  e x p l a i  

a l l  of enus .  A t  t h e  p r e s e n t  
time, t h e r e  is no g e n e r a l l y  a c c e p t a b l e  d e n s i t y  v e r s u s  a l t i t u d e  
cpzve f o r  Yeaus. 

h ' s  a tmosphere  
b u t  t h e  known e f f e c t s  a r e  f a r  more c o m p l e t e  t h a n  f e r  any  o f  t h e  
p l a n e t s  and r e p r e s e n t  an  a d e q u a t e  model of  t h e  E a r t h ' s  a t m o s p h e r e  
even  a t  a l t i t u d e s  o f  2000 k r  ( a b o u t  606 m i l l i o n  f e e t ) ,  I t  is 
c o n v e n i e n t  s e p a r a t e  t h e  a tmosphe re  i n t o  t w o  p a r t s ,  t h e  l o r  

d u p p e r  a tmosphere  w i t h  a s e p a r a t i o n  a t  a b o u t  12 
t . ) .  Drag in t h e  l dwer  a tmosphe re  i s  large and 
i n g  it rill u s u a l l y  be s lowed down s u f f i c i e n t l y  t o  

b e  c a p t u r e d  b y  t h e  E a r t h ,  Thus, t h e  lower  a tmosphe re  i o  p r i m a r i l y  
o f  use i n  t h e  r e - e n t r y  c a s e ,  The upper  a tmosphe re  i s  c h a r a c t e r -  
i z e d  by lower  d r a g  which  would b e  s i g n i f i c a n t  main1  
t ime a r c s  which c h a r a c t e r i z e  by an o r b i t i n g  m i s  
Case o f  r e  f l y - b y ,  %he pper a t m o s p h e r e  c o u l d  p r o b a b l y  
b e  n e g l e c t  s c o n v e n i e n t  t o  c o n s i d e r  t h e  two a t m o s p h e r e s  
s e p a r a t e l y .  

o s p h e r e  

e model h a s  b r t h e  lower  
re a r e  f i v e  s o u r c e s  f o r  t h e s e  d a t a :  U. S. 

Model Atmosphere 1956. T a b l e  1 shows t h e  
S t a n d a r d  A t r  ere 1962) COSPAR I n t e r n a t i o n a l  R e f e r e n c e  Ataos-  

( i n  p e r c e n t )  of  e a c h  o f  t h e  o t h e r s  from t h e  
a f u n c t i o n  o f  a l t i t u d e .  I t  w i l l  b0 s e e n  t h a  
1 T a b l e s ,  t h e r e  is good agreemen t  
low a l t i t u d e s ,  Note t h a t  t h e  S t a n  

I n t e r n a t i o n a l  a g r e e  a l l  t h e  way t o  1 2 0  km (400,000 f 

! 



2980 words. 

u c e  s t o r a g e  

e r r o r  of  2.7%, l i n e a r  e x p o n e n t i a l  i n t e r p o l a t i o n  ( i n  3 d i m e n s i o n s )  



would p r o b a b l y  be below 1%, The program s i z e  was 
m t h e  e q u a t i o n s  a s  645 f o r  a t o t a l  of  1900,  a f t e r  

t a l  f o r  c o n t i n g e n c y ,  

L a t i t u d e  V a r i a t i o n  

h e r e  i s  e v i d e n c e  t h a t  t h e r e  is n o . v a r i a t i o n  o f  t h e  
I t  h a s  been  s u  

e s u b t e n d e d  on t h e  c e l e s t i a  
i t i o n  and t h e  Sun's  p o s i t i o n  w h i l e  t h e  " l o c a l  s o l a r  

d i f f e r e n c e  i n  t h e  r i g h t  a s c e n s i o n s  of  t h e  v e h i c l e  

ve d i f f i c u l t y  i n  u s i n g  l o c a l  t ime is t h a t  
a t  t h e  Nor th  o r  South  P o l e ,  t h e r e  i s  no  m i d n i g h t  and no noon, 
l o c a l  time b e i n g  c o n s t a n t .  The z e n i t h  a n g l e ,  f o r  a v e h i c l e  30' 
above  t h e  e c l i p t i c  i s  3Q0 a t  noon ( a t  minimum) and t h e n  
c reases  a g a i n .  To y i e l d  a c y c l i c  f u n c t i o n  w e  would h a v  
a r b i t r a r i l y  h a w  z e n i t h  n e g a t i v e  b e f o r e  no_on, g o i n g  t o  
noon, and ,30° i n s t a n t a n e o u s l y  a f t e r  noon. T h i s  d i s c o n t i n u i t y  

n o t  b e  s a t i s f a c t o r y .  

.2.4 O t h e r  V a r i  

T h e r e  is e v i d e n c e  s o l a r  cyc le  v a r i a t i o n s  ( and  h e n c e  
a t m o s p h e r i c  v a r i a t i o n  g 27 d a y s ,  6 m o n t h s  and 1 y e a r  
c y c l e s .  No t h e o r e t i c a l  model e x i s t s  f o r  t h e s e  e f f e c t s  and 
whe the r  t h e y  have  c o r r e s p o n d i n g  d i u r n a l  v a r i a t i o n s ,  as  
year c y c l e  has i s  n o t  known. The 27-day v a r i a t i o n  i s  n 
p e c t e d  t o  b e  c o a p l e t e d  u n t i l  mid-1964, t h e  o t h e r s  a f t e r  t h a t .  

7.3.5 A l t i t u d e  

H a r r i s  h a s  sugga  t h a t  t h e  g e o c e n t r i c  a l t i t u d e  
above t h e  o b l a t e  e a r t h  sh b e  used  f o r  t h e  H a r r i s - P r i e s t e r  
Model. For t h e  lower  a tm e re ,  t h e  same d e f i n i t i o n  o f  a l t i -  
t u d e  s h o u l d  b e  used 

s o i d a l  o r  sphe  p l a n e t  c o u l d  b e  used .  

7.3.6 Medium 

The a v e r a g e  v e l o c i t y  o f  p a r t i c l e s  i n  t h e  medium ( E ) 
i s  o f  impor t ance  o n l y  when t h e  a l t i t u d e  is h i g h  enough so t h a t  
f r e e  m o l e c u l a r  f l o w  i s  v a l i d .  A 5  was i n d i c a t e d  i n  a p r e v i o u s  
s e c t i o n ,  f r e e  m o l e c u l a r  f l o w  c a n  b e  o b t a i n e d  o n l y  for t h e  E a r t h  
s i n c e ,  f o r  o t h e r  p l a n e t s ,  t h e  a t m o s p h e r e s  a r e  not known t o  a 

For a zad-r, g e o c e n t r i c  a l t i t u d e  above an e l l i p -  



t u d e .  For  t h e  E a r t h ,  f rom e 1, we see t h a t  
f ree  moSecular  f l o w  o c c u r s  i n  t h e  upper  a tmosphe re  f o r  u s u a l  

imenr ions .  From e q u a t i o n s  I ,  3.4-(1) and I ,  2,6-(1)  
S t a n d a r d  Atmosphere .= E pc i 6  fodnd t o  b e - - p r o p b r t i o n a i  t o g :  

I 
where 

I f rom which the medium r e l o c i t y  c a n  be  computed w i t h  v a l u e s  o f  
om t h e  H a r r i s - P r i e s t e r  Model. The v a r i a t i o n  i n  

t i m e  and s o l a r  f l u x  was -22% f o r  a l t i t u d e s  be low 500 
fcr a l t i t u d e s  above 500 km. T h e r e f o r e ,  were w e  t o  

rror i n  d r a g  of L22% which i s  n o t  t o l e r a b l e .  
by a f u n c t i o n  of  a l t i t u d e  o n l y ,  w e  would be  

Thus,  d r a g  i s  l i n e a r l y  p r o p o r t i o n a l  t o  b o t h  d e n s i t y  aad  
medium v e l o c i t y ,  b o t h  of  which a r e  f u n c t i o a s  of  t h e  same t h r e e  

l a r  f l u x ) .  I t  is 
o l e c  u l  a r  f 1 ow p e r  t a  i n s ,  
urn v e l o c i t y  ( a s  a 
d of  b o t h  d e n s i t y  and 

7,4,1 D e n s i t y  D i s c o n t i n u i t y  Between Lower and Upper Atmospheres  

The d e n s i t y  a t  120 km i s  f i x e d  & i n d e p e n d e n t l y  o f  s o l a r  
f l u x  and time o f  d a y  i n  t h e  H a r r i s - P r i e s t e r  Model and i s  34% 
h i g h e r  t h a n  t h e  U. S o  Standa rd  Atmosphere,  No o t h e r  model f o r  
t h e  l ower  a tmosphe re  g i v e s  a v a l u e  c l o s e  t o  it so  t h a t  t h e r e  
i s  a d i s c o n t i n u i t y  i n  d e n s i t y  be tween t h e  H a r r i s - P r i e s t e r  
Model and a l l  of t h e  of  t h e  lower  a t m o s p h e r e ,  

7.4.2 Drag D i  etween F r e e  M o l e c u l a r  and Continuum Flow 
k 

f e r e n t  i n  t h e  r e g i o n  
ow and i n  t h e  r e g i o n  o f  cont inuum f l o w ,  even  

i f  t h e y  were t o  a g r e e  a t  one a l t i t u d e  ( f o r  a g i v e n  k and E ) 
p e r m i t t i n g  a c o n t i n u o u s  t r a n a i t i o n  from one fo rmula  t o  t h e  o t h e r ,  
t h e r e  would, f o r  d i f f e r e n t  & (or E ) no l o n g e r  be  c o n t i n u i t y  
a t  t h e  j u n c t i o n  t h e  r e g i o n s .  

i n  which w e  take a we igh ted  a v e r a g e  between t h e  d r a g  v a l u e s  
computed by t h e  two methods and g r a d u a l l y  s l i d e  t h e  w e i g h t  f rom 
u n i t y  for f ree  o l e c u l a r  and zero f o r  con t inuum t o  u n i t y  f o r  
c o n t  inuunr and r o  f o r  f r ee  m o l e c u l a r ,  A c o m p l i c a t i o n  o c c u r s  in 

A p o s s i b l e  s o l u t i o n  is t o  i n t r o d u c e  a t r a n s i t i o n  r e g i o n  



t h e  t r a n s i t i o n  r e g i o n ,  s i n c e  a f t a b l e  i s  needed  f o r  cont inuum 
f l o w  d r a g  and a p . E  t a b l e  f o r  f r e e  m o l e c u l a r  d z a g ,  

I 

Although a n  a l t i t u d e  between 120  m and 130 km would 
be a t h e o r e t i c a l l y  d e s i r a b l e  one  (see f i g  e I )  t o  t r a n s f e r  

c u l a r  t o  cont inuum f l a w ,  t h e  t a b l e  d u p l i c a t i o n  
a 1  below 120  km. I f  w e  a r b i t r a r i l y  choose  100 km 
h e  t r a n s i t i o n  r e g i o a ,  w e  g a i n  one  o t h e r  a d v a n t a g e ?  

t a b l e  v a l u e  o n t  i n u o u r  w i t h  
e t r een  tiie 10 and upper '  

ster Model . 
From p r e v i o u s  d i s c u s s i o n s ,  t h e  c o m p u t a t i o n  of  d r a g  i s  

p r o b a b l y  accu  a t e  t o  F5% i n  t h e  Ea r th ' s  lower  a tmosphe re  and i s  
less  a c c u r a t e  i n  t h e  uppe r  a tmosphe re ,  For Mars, the- knowledge 
o f  d r a g  is p r  b a b l y  n o t  a s  a c c u r a t e  a s  FlO% and f o r  Venus  con- 
s i d e r a b l y  worse .  T h e r e f o r e ,  c a l c u l a t i o n  of d r a g  and t h e  
p a r a m e t e r s  composing i t  c a n  a lways  b e  computed i n  s i n g l e  pre- 
c i s i o n  w i t h o u t  d e g r a d i n g  t h e  p r e c i s i o n  of  c o m p u t a t i o n .  

7.5  

The s t a t e m e n t s  made below a r e  recommendat io  f o r  c ompu- 
t a t i o r r  method and r e p r e s e - n t ,  i n  mogt c a s e s ,  a compromise be tween 
s t a t e - o f - t h e - a r t  and e a s e  o f  c o m p u t a t i o n .  

7.5.1 Logic  o f  t h e  Drag Computa t io  

On t h e  b a s i s  of  a c o n t r o l  c a r d  option, programs and 
t a b l e s  w i l l  be  i n c l u d e d  for computing d r a g '  oye r  any c o m b i n a t i o n  
of  t h e  f o l l o w i n g s  

a )  lower  a tmosphere  E a r t h  
' b )  upper  a tmosphe re  E a r t h  
c )  Mars 
d )  Venus 

and a p p r o p r i  g a t e s  w i l l  be se t .  

which r e f e r e n c e  s y s t e m  t h e  v e h i c l e  is i n  
e g a t e s ,  a d i s t a n c e  t e s t  w i l l  be  made. 

The d i s t a n c e  t o  t h e  center  of t h e  r e f e r e n c e  body is  computed 
and compared w i t h  c e n t e r  d i s t a n c e s  c o r r e s p o n d i n g  t o  a l t i t u d e s  
of 200 km, 1100 km, 80 km, 180 km, 0 km. 



a l l  t e s t s  f a i l ,  d r a g  i s  computed a s  z e r o  and e x i t ,  
p a s s e s ,  d r a g  w i l l  be  computed: f i r s t  compute t h e  

d e ;  t h e n ,  f o r  t h e  E a r t h ,  g e o c e n t r i c  l a t i t u d e  
h e r  w i t h  t h e  r a d i u s  b a s e d  on an o b l a t e  s p h e r i c a l  

o t h e r  r e f e r e n c e  system, compute g e o c e n t r i c  
ng a c o n s t a n t  r a d i u s  for e a c h  p l a n e t .  

Drag E q u a t i o n  

n b )  is chosen ,  and i f  " t h e  a l t i t u  
e h i c l e  is in E a r t h  r e f e r e n c e ,  e q u a t i o n  (3) 

W i l l  be Used. ' 

I f  o p t i o n  b )  i s  n o t  chosen ,  o r  i f  t h e  v e h i c l e  i s  i n  
o t h e r  t h a n  E a r t h  r e f e r e n c e ,  or i f  o p t i o n  a )  was among t h o s e  
chosen  and  a l t i t u d e  i s  l e s s  t h a n  120 km, use e q u a t i o n  ( I ) ,  
Note t h a t ' b e t w e e n  100 and 1 2 0  km when o p t i o n s  a )  and b )  a re  "bot 
c h o s e n ,  t h e n  b o t h  c o m p u t a t i o n s  a r e  made t o g e t h e r  w i t b  t h e  
t r a n s i t i o n  f u n c t i o n .  

Only t h o s e  q u a n t i t i e s  which a r e  r e q u i r e d  f o r  t h e  equa-  
e i n g  used  ( e i t h e r  ( 1 )  or (3)) a r e  comp 

i r  V e l o c i t y  - 
The v e l o c i t y  w i t  s p e c t  t o  t h e  a i r  aass ( qm ) i s  

computed from t h e  i n e r t i a  l o c i t g  by s u b t r a c t i n g  o u t  t h e  
v e l o c i t y  of t h e  a i r  mass w i t h  r e s p e c t  t o  t h e  p l a n e t  and t h e  
v e l o c i t y  of t h e  plats% w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e  sys tem.  
The l a t t e r  comes from t h e  ephemer i s  t a p e ,  t h e  former 
c u l a t e d .  To c a l c u l a t e  it, an a s s u m p t i o n  i s  made t h a t  
mass i s  r i g i d l y  a t t a c h e d  t o  t h e  p l a n e t  and r o t a t i n g '  
p l a n e t .  I t  i s  recommended t winds  be n e g l e c t e d .  

t h e  c a l c u l a t i o n  o f  Mach n (for t h e  lower  a t m o s p h e r e ) ,  The 
d i r e c t i o n  of t h e  d r a g  v e c t o r  i s  computed by a s suming  it t o  be 
a l i g n e d  with - & . 
7.5.4 Lower Atmosphere T a b l e s  

t a b l e s  i s  a l t i t u d e ;  d e n s i t y  and speed  of  sound a r e  c o a p u t e d  
from a l t i t u d e .  

The magn i tude  o f  is t h e  a i r  s p e e d  and i s  used i n  

The i n d e p e n d e n t  v a r i a b l e  used  in t h e  lower  a tmosphe re  

Three  t a b l e s  a r e  s t o r e d  for t h e  E a r t h ' s  lower  a tmosphe re :  

For a g i v e n  v a l u e  of a l t i t u d e ,  a t a b l e  look-up i s  p e r -  

I 
a l t i t u d e ,  l o g  d e n s i t y ,  speed  of sound ( a b o u t  50 v a l u e s  p e r  
t a b l e ) .  
formed b y  l i n e a r  i n t e r p o l a t i o n  i n  t h e  l o g  d e n s i t y  and  speed  of I 
sound t a b l e  D e n s i t y  is t h e n  computed by e x p o n e n t i a t i n g  l o  I 

d e n s i t y .  1 1  i l 
, I  

1 



a 

Atmosphere be 

f o r  Venus . 

i n  t h e  t r a n s i t i o n  p e r i o d .  

An a l t i t u d e  t a b l e  is s t o r e d  ( 1 6  v a l u e s ) ,  a s o l a r  f l u x  

I n  o r d e r  t o  form 
v a l u e s ,  p and E a r e  h needed.  I n  t h e  r e f e r e n c e d  docu 
b y  H a r r i s  and P r i e e t s ~ ,  p i s  e s t a b l i s h e d  b u t  c' i s  n o t .  I t  . 
is recommended t h a t  e q u a t i o n  ( 4 )  ( s e e  s e c t i o n  7.3.6) b e  u s e d  t o  
compute . 
7 . 5 . 6  C o e f f i c i e n t  of  Drag 

a s  i n + s e c t i o n  7.5.3 and 7 0 5 0 4  r e s p e c t i v e l y  f o r  any p l a n e t .  
Mach nymber i s  computed from a i r  s p e e d  and speed of  sound 

I 
I 



Mach number  (M)  i s  used a s  t h e  i n d e p e n d e n t  v a r i a b l e  and 
t h e  c o e f f i c i e n t  o f  d r a g  (CD) computed from it. Two t a b l e s  a r e  
s t o r e d  M and CD ( e a c h  o f  25 o r  35 v a l u e s )  and l i n e a r  i n t e r p o l a t i o n  
i s  used t o  f i n d  t h e  CD c o r r e s p o n d i n g  t o  a g i v e n  Y, which may l i e  
be tween t a b u l a r  v a l u e s .  

Each c o m b i n a t i o n  of 2 t a b l e s  r e p r e s e n t s  one p a r t i c u l a r  
s p a c e  v e h i c l e .  I n  o r d e r  t o  avo id  t h e  incon  n i e n c e  of i n s e r t i n g  
t h e s e  t a b l e s  a s  i n p u t ,  4 se t s  o f  t a b l e s  w i l  be  a v a i l a b l e  on t h e  
program t a p e  and one s e t  w i l l  b e  chosen  by i n p u t  c a r d  o p t i o n ,  
The t a b l e s  a i n d e p e n d e n t  of  p l a & .  

7.5 .7  Surfa 

Two v a l u e s  o f  e f f e c t i v e  s u r f a c e  a r e a  a r e  i n p u t t e d :  one 
f o r  use i n  e q u a t i o n  (3) f o r  f r e e  m o l e c u l a r  f l o w  and one f o r  use  
i n  e q u a t i o n  ( 1 )  f o r  cont inuum f low.  

7 . 5 . 8  Mass 

Mass r a t e s  a r e  n o t  c o n s i d e r e d  t o  be  a p a r t  o f  t 
p h e r i c  models .  S c h e d u l e s  f o r  c h a n g e s  i n  mass w i l l  be  i n c o r p o r a t e d  
i n t o  a n o t h e r  r o u t i n e  o f  t h e  O r b i t  De te rmina t io f i  Program. 

I 
! 
i 
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160,000 2.32'6 

300,000 4. 62'9 

400,000 3,62'11 
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early equal =@tude are 

t o  perform these eperatiaas b dmUe pmisian,  e 
know in advance exactly where i n  the coapatatlmss a 
It is unde~stood that those 

&t present, matrix inversian in the Orbit Deterrminaticm program is 
being managed by a standard SE@R routine *ich uses a GaurssJordm pivotal 
candensation techniqm in  single precisim. 

The olrsly matrix which must be inverted i n  the program is the C Q ~ ~ E . ,  
iance matrix of *e obsenational errors, denoted by Y. It is h i e  pr0baBX.e 
that  this nrlu m m w  exceed 4 x h in dimensiars) even though the to ta l ,  numbez. 
of possible observables i8 much higher than 4, not more than four lriu ever 
be used at any am 

reason t o  bediere that the present share routins rill not be sufficiently pm- 
cim for this applicatZoa, if date in double prec'isicn. Hcnrever, it would 
dssirable to inr?cffporate in tihe program a cheek i n  the irnrersioai process 
an option f o r  increasing its precision i f  necessary. The follwring para 
dSraar5be tho 

. 

relatively s siaa of the P matrix, there is nQ 

check and the optimal  i t e r a t i r e  procesa 



-i y;' = - c y *  
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t i m  algorithm described Q Equatian (2) lcas applied to 
imp1 of order f i  = 4,5,6,? and 8, c ~ 8 n  thoa@ it is not 

g of hi@- order  than 4 rill be! enocmntored. 

first approxbatiaat t o  the  inverse aP J&J 
then cmputed in single precisian 

expeuted that 

(deo 
mans of the 

and the iterated inverse 

and &.SO IC;i(mAey "ihf"4 a~ 

in graphic form in F i m s  1 thrangb 6 ,  

Each of Figure PrPvidaS EC?; defined a~ HCll 
ction of the number of iterations campleted 

f i  8.6 Results c$ the Test 

s llcll and 
m = 8. The comespm&ag curve8 f o r  M.= 4, 

ICijl- for the double precis 

were d t t e d  bcause in each case the precisim reqU9mnt was m t  either 
the share routine Prrverse ( m =  4,5,6.) or by the fikst iteraticsl on the' latter 
(m  = 7). It is d e a r  that the r e v  level of precision is not rast even by 
the double precision iteration, although there is a factor of nine iBBprummnt. 

3 x 



alrmost wexy ease, the reductigl Oi error is greatest in %he 
first i&Uon and the error either increases or remain8 carstrant m i &  succ* 

This implies that the number of itexatims attempted in the 
be limited to cne or trpo ln'thopt penalty. 

teu% usad 5n these emparistns imrolrea the of the mpamxi 
and as a cansequence does not l i m i t  the magnitude of 
of C as much a8 is desirable. This is  illustrated 

act that the largest xnagnitude tries of the error 
aP&5?ar(Xpart in1  P ) w e n i n t i b e d  
test is therefore needed. 

. 
92 



I 

P 

\ 
\ 
\ 
\ - 

\ 

c 

IIC I' 

4lcH ..> . 
I 

i. F 

- 
J 



t 

--- I- - - i . .. 

SrB L 



7 
V 

r. 

f 5 Kl ’ 



1 

- 
f 

LI 96 4 I 
0 1 



- 
6 

I 

, 

+ 
r %  I 

L 

1 

I , 

I 

/d T/UM3 I 
5 . I  

I 





t and powerful methk for obtaining formulae for differenti- 
ation 
indep , f a  by means of finite difference operators. In 
part i  
opera 

9.1. 

ctfonal values, at equally spaced points of the 

are conaidsred here in  terms of the central difference 



tral differences table given above shows that only even order 
e integral suffixes. 

To express qifferences in terms of the function values from which they 
are derived, take fn succession: 

and in general: 

4 ld I 
2 

It is convenient to introduce a feu more operators. 

The operator E is defined by 

&(x)  = f(x + h) 

or, in general, 

Efi = fi + 

That is, E is a "forward 

t I 

shift operator", as it advances the argumn 
on value to the next n a table of finite differences. In a similar fashio 
E- is defined as a b hard shift operator, i . e . ,  f 

Now, if a table 'is the only source of information about a function, we may 
assume the function represented by the table as baing differentiable as 
many times requid, but must.keep in mind that functions defined by 

(pG are adequately represented by tables only in ranges away 
and discontinuities. 

ion implies, therefore, that the function under consideration 
a Taylor series over the range, say [%, g] . can be expande That is: 

f(xo 2 nh) = f+ = fo 2 df0 + & (nh) 2 2  D fo 

+ L (nh) 3 3  D fo + .... ( 3 )  - 
3! 

where Dk = dk k = 1, 2, .... 
Of course if the series is cut off after m tern, the remainder is of the 

Z F '  
order of (nhlm. i I 

1 

100 



k 1 u , comparison with (1) shows that formally the Taylor 

expansion be written: 

f .  
k k  nhD - 1 (nh) D f o =  e 

0 k! 

) = e m f  Q = f l  ( 4 )  

and 

e 8m fo = f (x  + *h). 

E 8 f(xo) = f(xo + *h) , which is consistent with the previous 
0 

Define 

We c m  establish a relation between the cen & andE 

a cff = i 
so that  formally: 

s =  
and 6L= 

1 
fi $. 6 - *i+ = (E3 - ET)fi 

E# - 2  + E  4 
The naveraging operator l 'e  w i l l  also be used. I t  is  defined by: 



the f o  

egD f(x) = f(x+S ) 

and i n  practice only a few terms of the series can be retained, thus 
truncation error. 

Base operators and relationships among operators, formulae 
a1 differentiation are readily obtained. Indeed, from (71, 

= 2 sinh-I *g a (8) 

= [- sinh-l p- 
- qsinh-u leg 

hd (88) 

- 
96 c 

which gives the derivative D i n  terms of central. d i f f  

essions (8a) and (8b) have been introduced 
ction is usually available for  integral values of the mbscpipt 
i s  sought which gives hD i n  terms of tabular values. 

uf (8b) gives d aafi-1.  9 if 
t e  : 

+ 1.3.5.7 (46 I 4 t  0 (hm ) 
2.4.6.8 

9s we write: 
and i f  f o r  s i n  h-1 as 

' -1 
sinh 

96 

and substitute both 



!!!be position and relocity at time t m q  be cmpnted from 

C - -  



A 
The computation then requires the calculation of x when time t 

is speciried. The process continues with the cdlculatian of 

4 = ,$ (t-t,j  

transcendental equation 
4 4 A = g x  +sac  tc ,u  

The Nentan-Brphesan tec 
c e n h t a l  equation (9 ) .  
the solutian of (9) that is suitable for, the iterative procsesa., After ob%,&& 
ing an accurate value of 2 the calCuLation cmtinues xtth 

employed for the solutim of the trans- 
11 deterasLne a fjrst approximation t o  

A { -  ti- c 
L. r;.l 

c  ̂g = d - -  f 









s ' w  c9QS 

c 

ry oomputatiom an estimate of bias errors -1 
of the program in addition t o  the position and 
te 

sections provide a l ist  of the bias 
as options in the XR, and &mu hav they can be 5n- 
imation procedufs. The partial derivatives which 
t the various matrices are not explid- derived 

m o r s  to be considered are of 19 different types, e.g., 
latitude of a given tracbing station, or errors in the 

tihe earth's gravitational potenti 
of bias errors t o  19, bouemr, sin 
-1 $or emmple, ten l a t i  errors %tip 

R . . 
. . . 

. . ~ ~ ~ - A % ~ 4  

. . . .A 'Y45-A  

'Fype 3 
These irdicss allow any cw all of 38 separa%s s 
to be located. The indices will b 
f oxLms: 

lat., long., height err 
for 8 R-k trackLng system 

lac., long., hei 
for  12 l4lxrmbcK stations 

27-36 
6F71  } lat., long., hcight errors respectimly 
103-112 for 10 IISLF stat;ions 

?%! } lat., long., height errors respectively 
113-120 for 8 MERCURY stations 



c u  o m  fnr the electr 
the phere can be used, 
the five ncomtan%s" NO, H, fi, BB1 irnd 
on these 1%onstant8n i s  possible, at least 

p& whi& they actually do rema%n constant. 

11.2 InoorporaMon of =as p ~ r  the State Vector and the Variational 
Parameter Vector 

kt present the state ve&or consists of the six quantities which 
correspond to the %est" estimates of position and velocity corrections, 
This set of quantities are to be expanded to include any OF aU of the com- 
ponentsAy.1,..,4Y,. 
used on w y  partlcaLpr trajectory run3 for example, the state vector m 

In a l l  probability, only a Pek of these will ever 

f 
be 



l ist  of numbers 7-132, e that 

Since the v83pi ers rather than the s t a t e  variables 
computations, the 4% v e e r  np1. 

It w i l l .  be expanded t o  the same dimemion as hat t 
oice of augmnted S- f S 

it possible 

1 

ariationdl parameter increntents and 1 . )  

are the r bia 

ations and ,Sumnary of Matrices 

In order to 
ful t o  write d m  the 

ch matrices mst be modified, it is hslp- 
e equations which must be handled. 

I) A F = K A d  
2) K =  Q ( t i h  y .f -i 

The of obser s not affected by any ch 
in the state vector, so that th es mst be r cted i n  the K matrix, 

, .  .. - , .. . .,. " 
1 

But Q is updated by 

6) 9[t0)=5" 



is the covariance matrix of %he state vector A #  , and S -1 and 
state vector t o  the variational parameter vector as follows 

o m  of s gnci s - ~  and tirat o f  are known, Q 
is det 

Slablaru Y is  determined by 4) if Q is known and if I is knoun 
The z a  matrix is the covariance rmtir3.x of the iastrmment errors and i s  n 

matrix €+(to) by item 6 )  and 3 ) .  

ange in the state vector. 

scribes the relation betweem the obsermbles and tihe 
variatiaal g a x r ~ s :  

= r/A< = 2 y A 4  = 2f 23 A d  
L_ 

34 q 34 

One Wtional maiirix, M =%, must be modified therefore, when 
A% is modified. Note that All the quantities in 1) - 5s are  nm detemdned, , 

In summary, the matrices which must be amgmnted 
expanded are 



11.4 &l ion of S(t) and Sol(t) 

ding to the definition of S, and the expanded vec.t;ors 

r I 

I 
e 6 x 6 matrix S l  which relates the old 

d velocity coordinates i m e t c a a n  

to 
the old A 4  must be the old S(t) IU&-$X, 

the  bias errors at tjple t, S2 - 0, 



.. . 

It is reasonable t o  assu 

-. - - - - -1- - --.-- . 

nand 
5 that the bias errors are MC& 

estimates of positd uith each other or with the erroilps in the 
Vsrocity, in which case the upper right-and lower left-corner a t z i e s  are 
a l l  scco. 

, I 

I 

T h i s  only the r additi 
t ong th  s the original P(t0) ma- indic I 

&On. 

u.6 Augmentation of y(t,t,). 
$0) is in terms of the new and old 

of $he variationerl par 

st be done to 
b i t  as follovs. 



I 

It is clear *hint "pX mat be the  original variational parametar 

The S(t) and Sqt) ce8 represent iiransfonnsrUons at 
tiate t, and therefore changes in tbe bias errors produced 110 mea 

transition matrix, i.e., 7yi = 7. 

six o r i m  variatianal parameters, ~awavsr, 'fY2  ab^ 
as e r r o w  at tine to to ch 
8 at, t b  t, and t h i s  

04 ya are obtained, imagine that the 
the ordinary state variables, position variational parameter 

and velocity, so that > 

i = Px, *, PCe 

where e is  the earth's pavitati-  
of ll.1.). R e e r i n g  tkt +A, f i  =.i, * * >  6 )  

afl the motian equatioas, 5.e. 

i o  4, *") G 
i = i , , . , )  L 



In the above equations, +if8 standa f o r  the jth component of the 

Note that since F is a houri Pancliion, the coefficients 
SoluMon t o  the two body problem. This set mst now be 

ght side are kaovn a s o .  

to the mre general problem of obtaining tbe 
''1 when ule 4 2 ' s  are the var ia t ional  par 

since the di'5 are the same as the corresponding components of the expanded 
s t a t e  vector (see XU). e a p M c w ,  may be displayed as f o l l m :  ?I2 

I 

On comparison w$th the augment 
6 x 6 matrix abom is the s 
S-1 which is presently in  

part ia ls  such as the one this section. The remainder 
af these partials 

O'(t1 of u.4, it is clear that a first 
t af S-l(t); it is the origin& (6 x 4) 

ces which conei tute  y consists of The second of the , 

, the two suhmpatrices y3 and 
I sc the  bias m o r s  

s r x r identity, I 

U.7 A-tafion of H(t) 

By definition, H(t) 5 &h) P i s  the matrix of partials of the 
observables with respect to  the st a t  e variables. If the Ilumbc~ of observ- 

I 

ables is mp and the order of the s ta te  vector i s  6 + r, then M must be an 
{m)x (6 + 1 )  matrix. ch.aphica~~~,  I 



must be the old Nt), e n c e  it descrjJ3 
vables, which  have aat  changed 14 xxuniber, the rel 

and the 

Tht second ]PI r submakix, %, describes the variation af the 
obsemmbles with the bias err 1% con&&,s of p m t i 4 s  have not . 

been Wrpucitly I 

4h example of part&& involved in H2 is  i l lustratsd 
by %he case in which range to  the vehicle from g radar station is one of 

I 

the radar is in ~ Z T Q ~  by an anlmown 
, 

I 

where (x, y, e) are the inertial coordinates of the ship and (y4, "6, &: ) 
those of the station, 

the observation to errors 
Them 2 ~ / h  $5) 53 I aqJ$a represent the sensitivity of 

station position errors, uhere 

the appropriate column of the /$ 



IYILWIVAR, t h e  s t a t e  t r a  i t i o n  m a t r i x  used  o n l y  t o  t r a n  t 

1 

e m a t r i x  of  t h e  t a t s  v a r i a b l  f rom one d a t a  p o i  I 

p r e c i s i o n  a i 

I 

s formed c o v a r i a n c e  m a t r i x ;  
I 

urn f i l t e r  K; 
ed  c o v a r i a n c e  m a t r i x  o b t a i n e d  from 1. by t h e  

I t  i s  of  p a r t i c u l a r  i n t e r e s t  i n  t h i s  s t u d y  t o  e v a l u a t e  t h e  e f f e c t  
t h e  e l e m e n t s  o f  @ , t h e  s t a t e  t r a n s i t i o n  m a t r i x ,  on t h e  e l e m e n t s  

s i n c e  t h e  u p d a t e d  s t a t e  v e c t o r  i s  g i v e n  by 

i 

of d a t a .  

The i m p o r t a n c e  of  t h i s  i n v e s t i g a t i o n  h a s  been  p o i n t e d  o u t  D o  P 

I 

I 

where 

= c a l c u l a t e d  o 

2: o b s e r v a t i o n ;  

i s  computed t o  h i g h  p r e c i s i o n ,  i t  is r e a s o n a b l e  t o  e 
a* 
P K t o  b e  c a  c u l a t e d  t o  t h e  same p r e c i s i o n  a s A  A program i s  des?  

c r i b e d  i n  t h i s  memorandum which c a l c u l a t e s  s e n s i t i v i t y  c o e f f i c i  i : 

and s i n c e  

a k i i / 2 $ ~ , , ~  T h i s  program w i l l  be  employed i n  a computer  s t u d y  t o  
d e t e r m i n e  t o  what p r e c i s i o n  t h e  cbr:- , ,~must  be c a l c u l a t e d  so t h a t  t h e  

i n  a s k  2, P t D e t e r m i n a t i o n  Program Po d e c i d e  t h e  
v a l i d i t y  o f  p a r t i a l  d e r i v a t i v e s  i n  comput ing  t h e  s t a t e  t r a n -  
s i t i o n  r n a t r i  

a r e  s u  These r e s u l t s  w i l l  t h e n  be  used 

The optimum f i l t e r  K i s  o b t a i n e d  from ! 

K =  P( 
(2) 

I 

I 



I 

t e  V a r i a b l e s  a t  
t i m e  to to state v a r i a b l e s  a t  t i m e  t ;  
c o v a r i a n c e  matr ix  of  s t a t e  v a r i a b l e s  a t  time to.  

L e t t i n g  P(t,) = P, a s $ i t u t i n g  (3) i n t o  ( 2 ) ,  

1 

tmuZt ip ly ing  (4 ) :  

l 

- ?K = ( I - K M  

%vu 

4 

Assuming t h a t  t h e r e  a r e ,  i n  g e n e r a l ,  s i x  s t a t e  v a r i a b l e s ,  and l e t t i n g  
n be t h e  number of o b s e r v a b l e s  a t  a data  pqint, t h e  m a t r i c e s  i n  ( 7 )  
have the  f o l l o w i n g  orders: 

6Xn 

M: nX6 

Po: 6x6 

@ : 6x6 

( I - K M ) :  6x6 

I 

- 



I t  i s  t h e  purpos 
e t h e  #p-are 36 i n  

5 
? 
E 

s ,  t h e  p a r t i  an e lement  w i t h  r e s p e c t  t o  itself is 
unity; t h e  par 
z e r o  

element w i t h  r e s p e c t  t o  any o t h e r  element i s  

I 

1 a To a n a l  

I 
Eq. ( 9 )  t h e n  becomes i 

+ A R W  - 8 
%,v (10) I 

Again,  l e t  

QB = S I  6Xn 

AR = T: 6x6 

so  t h a t  I 



so t h a t  the product has non-zero e l e m e n t s  ai1 o n l y  i n  the mth colum 
Postmultiplying (12) by S t  



0 

s o  t h a t  t h e  product h a s  now-z 
P o s t m u l t i p l y i n g  (14) by B t  

e l e m e n t s  tiln o n l y  i n  t h e  lth co  

. - (15) 

The t y p i c a l  terra o f  (15) is d f j  = t irnbfj  

Combining ( 1 3 )  and (151, 

where D = T . 



s o  t h a t  

(171, 8 program 
lorLng mafrices: 

product  I<#: ( 6 x 6 )  

A = (J-KM); (6x6)  

Po @‘ : ( 6 x 6 )  

@Po: (6x6)  

o @ f  = @  Q: (6x6)  

. Farm t h e  educt T AR: ( 6 x 6 )  

1 0 ,  From the  e l e m e n t s  o f  A 8 S ,  c o n s t r u c t  C 

11, From t h e  e l e m e n t s  of B 8, T ,  c o n s t r u q t  D such t h a t  

CLi = %,e. @/mi r s p e c i f i e d  1 8 m .  

- 
c 

- 12. From the eleme C 8 D ,  c o n s t r u c t  G such t h a t  c 

= 4, 8 216 p,’. i f  
i n  a $ l  combi ations. 

I 

t h e  v a r i a t i o n a l  pa?”- 
m e t e r s  u s e d  In  t h e  AAINIVAR Program, r e c o u r $ e p a y  be had t o  t w o  
p r o c e d u r e s :  

1 A n a l y t i c a l l y  c o n v e r t  t h e  v a r i a t i o n a l  parameters t o  elements t 

Of t h e  s t a t e  t r a n g i t i o n  m a t r i x  and p r o c e e d  a s  d e s  
above;  

I 1 

3.22 
1 



esponding e q u a t i o n s  for the  parameters  and 
g a t e  the e f f e c t  of t h e  v a r i a t i o n a l  l e m e n t s  on 

e r n a t l v e ,  One may t a k e  advantage  o f  t h e  
the formulations f o r  K 8, Ls 

m a t r i x  of p a r t i a l s  becomes 



UTIVE BOUT1 

w --- 

o t  be rewound qr w r i t t e n  on d a r i n g  

t be w r i t t e n  o r  e a d  i n  mixed mode. 
T h i s  r e s t r i c t i o n  p r e v e n t s  t h e  g e n e r a t i o n  of a m$xed 
mode f i l e  o CD c o n t r o l  cards  end b i  

3. H a a d l i n g  of mixed mode f i l e  u t i l i z i  
o u t i n e s  r e q u i r e s  s t a n d a  d ‘ look-  ahead  c h a r a c t e r s  

I 

, 
i 

i l e d  b i n a r y  v e r s i o n s  w i l l  
The executive y o u t i n e  

P a r t  1 c o n t r o l s  r e a d i n g - i n  o f  c o n t r o l  c a r d s ,  a d d i t i o n s ,  
and d e l e t i o n  f o r  t h e  run ,  T h i s  p a r t  r e a d s  in c o n t r o l  
o a r d s  f o r  f u t u r e  p r o c e s s i n g ,  u p d a t e s  t h e  programs t o  be 
compi led  o n t o  SYSfNl and l o a d s  o n t o  SYSINl p a r t s  2 an8 3 
of t h e  XR. C o n t r o l  i s  t h e n  transferred back  t o  IBJOB and 
c o m p i l a t i o n  of  sotlrce programs p roceeds .  

B a r t  2 e x e c u t e s  a f t e r  c o m p i l a t i o n  o f  changes  is c a m p l e t e .  
T h e  compi led  b i n a r y  o u t p u t  on SYSPPZ end  a l t e r e d  S O U T C ~  

I 
! 

! 

i 
i 

I 

I a r e  upda ted  o n t e  t h e  h i s t o r y  tape ,  

P a r t  3 r e a d s  r u n  poraeae ts rs  and a s s e m b l e s  t h e  o b j e c t  
progratus r e q u i r e d  on t h e  S Y S I N L .  IBJOB l o a d s  rad executes 

s now executed, 

t h e  programe I 
1 

T h e  h i s t o v y  t a p e  p r o c e d u r e  w i l l  r e q u i r e  M P  sub- I 

r o u t i n e s  u t i l i z i n g  JOCS t o  form t h e  mixed-mode tape  SYSIRll 
and t o  c o a v e r t  t h e  b i n a r y  t a p e  S Y S P P l  20 mixed BCD-binary 
form w i t h  c o r r e c t  look--a bead charac te rs .  A l l  m a n i w l a t i o n s  

a of  S Y S L N l  w i l l  be  e o n t r o l l e  by IOCS MAPS s u b r o y t i n e r ,  
1 



r a r y  Tape P rocedure ,  

11 require d e f  t i o n  sf SYS 
c o n t a i n  l i b r a r y  r o u t i n e s  exc lus4veXy,  A 1  

t h e  L i b r a r i a n  f u n c t i o n  iacladed i n  IBSYS, 
t o  be u t i l i z e d  i a  t h e  program w i l l  be main  

r a r y  Tape P r o c e d u r e  1, 

r o c e d u r e  w i l l  r e q u i r  11 programs t o  be 
n b i n q r y  corn 
a t e d  r i a  t h e  
r e p l a c e ,  i n s  

n t r o l  c a r d s  

x e c r t i o n  of t h e  progrom i s  governed  b y  c e n t s o l  card8 
an =SIN1 as a s e p a r a t e  r u n .  SOEDIT o p t i o n s  u t i l i z i n g  
a l t e r n a t e  d r i v e  f e a t u r e  w i l l  b e  used ,  

YBP-coded r o u t i n e s  a r e  requi red  b a t  t h e  user mast 
f a  a o r r e o t  c o n t r o l  c a r d s  t h e  r o u t i n e s  t@ b e  l o a d e d  

i e P r o c e d u r e  2. 

i n e  i n  t h i s  i m p l e m e n t a t i o n  w i l l  a c c e p t  
s o u r e e  pzegrams and c o n t r o l  t a r d s  f o r  o b j e c t  time 
executimr an&- gene t e  t h e  r e q u i r e d  b i n a r y  images on 
SYSINl q f t e r  IBFTC e m p i l e s  them, a 

p r o c e d u r e  Id r e q u i r e  IOC MAP q u b r o u t i q b s  
VSPPl  o n t e  SYSINl i n  p r o p e r  farmat f o r  t h e  

.. 

The a l t e r n a t i v e s  p r e s e n t e d  t h u s  f a r  a r e  based  on a l i m i t e d  
koon ledge  of t h e  IBSYS-IBJOB m o n i t o r  system, I a f o n s a t i o ~  is being 
s o u g h t  c o n c e r n i n g  IBSYS s y s t e m  usage  and sys t em m o d i f i c a t i o u s  
a f f e c t i n g  implemen t ing  o f  t h e  



De W. PROCTOR 

se 

- 
d i  e from t h e  e a r t h  c e n t e  

i s  t h e  mean e q u a t o r i a l  e a r t h  r a d i u s  

i s  t h e  Legendre P o l y n o r i n a l  w i t h  
argument (6 

pis  t h e  l a t i  

A is  the l o n g i t u d e  

m,/w~ a r e  t h e  z o n a l  and s e c t o r a l  harmonic 
under c o n s i d e r a t  i o n  

e o n l y  concerned w i  zona 1 harrongc s 
p o t e n t i a l ,  t h  above e x p r e s s i o n  , u s i n g  o n l y  e harmonic terms, 
e i n  e a r t h  r a d i i :  



SSnca, Kltila'S r e p r e s e n t a t i v e  e q u a t i o n  for t h e  poten- 
hat g i v e n  i n  t h e  MZNIVAK manual 
o u l d  a l s o  agree. A conpar i son  4 . w i t h  t h a t  



ements  e x c e p t  for t h e  

, ubes t h e  symbols  J ,  

u l a t i n g  t h e  J . P . L .  e q u a t j o a ,  and 

a 
- .  

Equat ing  MINIVAR 8. Kaula'r r e p r e s e n t a t i o n  o f  t h e  p o t e n t i a l  
w i t h  J.P.L.' 

- - -  2 3  

D 
4 

I 

I 
I ~- ~~ 



virlues for 

equivalent PI 

20 .08230 x 

30 - .230 10-5 - 
J40 = -1.800 x log6 

e o i s e l y  w i t h  the values 09 J2, 
pps 2 and 4)s 

These num 
J3 and J4 g 

J2 * #1082.30 x loq6 
J -2.3 x 10-6 

Jq = -1.8 x 10-6 

the ITEM input  q u a n t i t i e s  are  

Second Wamonio = p.7 t 19.9 x 1623 x 10-6 = .03229 
Third  Harmonic = e 3 0  = 19.9 x -2.30 x loa6 = -.4577x10m4 

,Fourth Harmonic = - K = x 6.75 x 10-6 -.6665~10’4 



s of  S, J30 hav  
and o t h e r s .  The q u a n t i t  
u a l i t i e s  a r e  r o u g h l y  
in s i g n  w i t h  t h e  p r i n t  

# 1 V & p  and a 

erm is  c o r r e c t  i n  b o t h  
he d i f f e r e n c e  i n  p r i n t - o u t  b e i n g  
y ITEM'S use of A 3 0  = @ J  0 ( s e e  

l i s t i n g )  and M I N I Y A R * s  tCOwluR) 
which i s  -@J30 see p a g e s  XII-28 of  t h e  
LdfNIVAR manua l ) ,  

3.  The f o u r t h  harmonic term i s  o o r r e c t  i n  ITEM, 
b u t  h a s  t h e  wrong s i g n  i n  M I N I V A R ,  T h a t  i 
J40 on p a g e  XII-27 o f  t h e  M I N I V A R  manual  
s h o u l d  r e a d  -1:s x 10-6, t h e r e b y  a g r e e i n g  
w i t h  t h e  ITEM program and t h e  r o r k  of Kaul 
and o thers . .  

Ref  11 *A Review of Geod c Parameters*, 1. M. Kaula, 

Ref 2: "Program Manual f o r  Minimum V a r i a n c e  P r e c i s i o n  

NASA IN D-1847, Goddard Space  F l i g h t  C e n t e r ,  1963, 

T r a c k i n g  and Orbi t  P r e d i c t i o n  Program", 'D. S. Yoolc ton  
and John  Yohan, Goddard Space  F l i g h t  Center ,  

Ref 32 *Space T r a j e c t o r i e s  P r o g r a a  f o r  t h e  IBY 7090 Computera ,  

X-640-63-144, J u l y  2, 1963,  

D, B, H o l d r i d g e ,  J . P , L ,  TR No, 32-223, March 2, 1962. 

i 

~ 



i 

15.1. Introduction 

s h g  through the 
inherent precisian of modern ele 
on correction is therefore nece 
our satellite tracking systma. I 

of the troposphere error can be a 
ana ly tha l  method, involves 
x of refraction with a l t i t  
and elevation are soluable i n  closed fm aa a fmt ioe  

The second me is numeriual in form, Far t h  thcd, it is not 
I 

necessary t o  assume an exponentially decaying troposphere; any model will suf- 
fice. 
propagation path with the index of refraction 
determined by the assumed model. 

Because af t 
ind a simple model 

The error is determined by numerically inte 

a can be based. Theref ore, a numerfcal approach seems t o  be more l ikely f o r  an 

this  program may be that the refractl. 
correction w i l l  be made dependent on the predicted elevation angle rather than. 
the measured elevation angle, and, since the predicted angle is subject t o  an 
error, a t e s t  is made on the variance'of Chis predicted angle. If th i s  vari- 
ance is above a present l i m i t ,  the computer w i l l  make one i teration t o  include 
the data point t o  get a better estimate of the elevation angle before making the 
final correction. 

The refraction correction is then based upon t h i s  new elevation 
angle and it is the results of this  second iteration which w i l l  be prgcessed by 

15.2. Nethod of Attack 

variance system. 

. 
The method t h a t  w i l l  be used is one derived by S. Weiebrod a8 detailed 

in  Reference 1. 
tropospheric and ionospheric bending. There are no limitations on the skpe of 
the profile or angle of elevation. 
refraction gradient is only i n  the vertical  plane, that tb index of refract$.- 
profile can be approximated by a number &.l inear  segments and that the thicknes 
of these steps is small compared t o  earth's radius. 
justifiable in a l l  practical cams. 
lem of signal retardation,_mmiLt$.ng i n  range e coqsidored. d l s o  
effect Ls i n c l u b  

The method is particularly simple and cqn be applied t o  both I 

The oslly assumptions are that the i-x of 

Theme assumptions axe r 
In additian t o  refractive bending, the 



t would be an overwhelming task t o  analyze completely atmospheric 
ects under all parametric conditions, atmospheric m o d e l s  rep 

ons are made: 

With few exceptions, the formuhi  used t o  compute range and raleva 
The refractiv 

I 

errors are the sane for both the troposphere and ionosphere. 
however, is computed differently. 

assumed. 
the ionosphere) are not precisely 
so lu t ion  seems unwarranted a t  t h i  i I 

15 03 02 6 i 

I 

"his approach results in  ansuers which are as accurate 
Since profiles of refractlve index i n  the atmosphere (e  pecid ly  for I 

e r  a l l  conditio= a mme emct  
I 

i 

In this  analysis, the tropospheric model w i l l  be assumed as an ex- 

The equation for  t h i s  model is 

ponential, with the ground index o f  refraction and the scale height as parmters. 
I 

! 

where f%= 313 (refractivity at  sea level) 
t f f  7 km (height scale factor) 
h =  height ab e the earth # =  (n-1) x 10 7 , where n is the index of refraction 

15.3.3. Ionospheric Model i 

15 ,3.3.1. Ionospheric Parameter 

In  the ionosphere, the 
parameters than those considered i n  the troposphere, 
refraction in  
ionosphere 
the maximum electronic density of the F2 layer. In addition, the index of re- 
fraction in  the ionosphere is a l s o  dependent upon diurnal, solar activity, sea 
geographical, and daily variationa as well as other miscellaneous sporqtic var 
ations. Also, unlike the tropospbere, the refraction errors in  the ionosphere 
are frequency dependent. 

ex of refraction is dependent on mwe 
Aa a minimum, the i . m h  of 

ionosphere is dependent upon the height of the base of the 
the height of the maximum electronic density of the F2 layer, and 



I 

ionosphere, the relationshtp between the index of refrqction, 
cy and the electron density in  the ionosphere is the fol lowingr  

! 
-3 0 s per cubic meter 

the frequency 

c charge (1.60 x lW19 
c mass (9.08 x 2Or31 kilogram 

i t y  of free smce (8.854 10-u 

Us- the first .two terms of the binomial expansion and substituting 
the above constants, the formula f o r  index of refraction reduces t o  

I 
i - (3 1 4-03 po 

/ I  
?7z / -  

I 

This formula holds f o r  frequencies above the c r i t i ca l  frequency, fc, which 
given by the follcwing relationship 

& =  
a Daf ining 

. :+. . .  
. ,  equation 
i- 8 ,  

- 

les per second (4 )  

the refractivity by the f o l l  
I 

M= [*-/)/06 (5) 

(3) can be written as follows 

I 
consists of a parabolic variation below the height of -maximum electron density 
matched t o  R hyperbolic sec %le above the maxbm, The relation&ips 4 

are as follows: 

The model selected for el9ctron density versus height i n  the ionosphere 

O,C&-S/ 

r * /  
( 7 )  

where 6 = electron density per cubic meter 

the ground 
k o  = height of the base of the layer 
j,,+, = height of the maxinun electron density I 

I I 

~~~ 
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i 

. ,  

, 

I 

- i  
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I 
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characteristics. 

fram imogrtm data, parametters uniquely spcify the entire distribution, 

is t h e  times 

demit? profile aad i t a  derivatives are contjlnums 

of the F layer t o  be sero, 

follows that: 

1 

where K Ls the radius of curvat 

T h e  length of the ray path in the layer 98 

( 9 )  X d & =  -6 dp 

which, combined with (€31, gives 

d r = -  / - d* b f B d P  (10) 
dP 

Sincedvrs of a l l  elementary layers are directly additive, as sh 
Fig. 2, by considering 
the contribution t o  the total bending y, due t o  4 lapr bounded by tha heights 

due to bending between points Q and R, iC follows t 

Pa d p p  a 
(11) 



rag departs fram the earth's surfac 
for spherical ratification s ~ t e a  

M p - 4  = constant 

where 

ce index of refraction, 

spec if led 

0 4 )  

! (15 
where n, p &@are s of these paranrstera at some height h. I 

i 
Eq. (15) can be substituted in  (11) to  give the general equation for 

a 
I refractive bending 

dw I 3 

I 

i 
1 

dP 
1 

I 

i 
! 

We n w  a s v  that a) dn/dp = -k = constant, brPk - q'&< 5' and c )  index 
of refraction n is very nearly equal t o  unity. On the basis of these assumptions 

- 4  we can write: . - 
(17) k =  - 

prc '$0 P i  
I 

where /& Cv\-c)la' I 1 





tnting in (16) we get 

Combining with (1 



TBtal bending through the  atmosphere is simpv the sum of individual 
I 

I F) r  2 
i=  ' 

tient to  measure the refrac 
earth's center. T 

ined from Fig. 3. 

k- ( 0 - R )  (25) 

the troposphere for rays departing tangentially, or  
than 100 milliradians at ang height,& and 0 

(28 1 



M t t i n g 6 Y L i n  the nnmsmtor of (30) results in an error o f  
f ive per cent i n  the troposphere fo r  mtangent idly departing ray. A t  
angles af elevation or  greater heights, th i s  error becomes negligible. 

ray through various layers, are directlJr additive, 6 ' s  are not. 

the tropospheric and the ionospheric i 's or$ 

('/La" e and €<'(tan B-tanCj)dj consequently the d s s i o n  &&%in the numerat 
an & i n  the denominator usually results i n  less than five p r c e n t  error a t . F  

r 

It should be noted t h a t  whereas 8 and , due t o  the passage of the 

and the 

Thus, t o  

(30). or  (311.. 

I 

evaluate J a t  ionospheric heights o r  qbove, it is first necessary t o  c a b b e  

However, it turns out  that in nearly a l l  practical cases 

region heights. 1 

! 

1 the troposphere 

I 

Eq. (30) may thus be approximated by , ,  

It is, therefore, usually justif iable t o  add directly the tropospheric 
and ionosphericr Bf (s t o  obtain the to t a l  elevation angle error. 1 

I . .  
I 

A t  astronomical distances a l l  three quantities ( f, and become I 

numerically equal. i 



Signal retardationd?%used by a layer of thickness& (Fig. 2) is 
given by 

I where c and v elocitiea in free space and the medium, resptactfvely. 

In evaluating we found (23) 

or t 88 of 
t o  the ggs that w 
the d e n a t o r  of the 

treated it as a constant, 
(32) in a similar manner. 
and tangent are  nearly the same and at high -Xes the rate 
is so  slow that su 

We are therefm'tempted t o  treat the 
Furthermore, we can argue that at low 

edme is certainly justifiable. 

t e  (32) by s e t t i n g .  

I 
i 



I n  the ionosphere the formula for  range propagation error  is 

where f l  = up frequency 

15,4.2.3 Doppler 

Due t o  the refractive bending, there w i l l  generally be an 
error  i n  the measurement of the radial  component of the target velocity. 
The equation describing t h i s  can be readily derived with the aid of 
Fig. 3. 

I 

. Let 

9 = station location vector i n  iner t ia l  coordinator 

- r = position venctor from th ' s  center t o  satel l i te  i n  i n e r t i a l  
coordinator 

-p '= i t ion  vector from t e  i n  iner t ia l  coord - 
f = position vector from station t o  s a t e l l i t e  i n  topocentric local  

moving cdbrdinates L 

-/2 7 = earth 's  rotation veloclty vector i n  i 

A = Coordinate Conversion transformation 
' ' * '  4' = Unit vectors, iner t ia l  coordinate system 4 A , -  

rs, topocentric moving c ate system 



A l l  A12 A 1 3  

A 3 1  A 3  A33 

A =  
A21  A23 

.: ,p' = 13d'= - i 4 4 k + P ? i L  
= velocity component along the local  range vector 4 there 

4' = velocity component normal t o  the local range vector i n  I 

a plane determined by the transmitter beam and the earth 's  
center 

I. f 

+ = velocity component normal t o  a plane determined by the 
transmitter beam and the earth's center. 

From the diagram the measured value of range rate is along the apparent 
path o r  along the tangent t o  the 

a '  

path a t  the sa te l l i t e .  

V measured = 4' &Q(&- 6 )  - /$ h C x - 6 )  
V radial. = /"r 

Therefore the range rate error is 

'le 



s i n  p = c o s 8  cos + 
cos y s i n  x = cos 6 s 

also from Fig 4A 
cosines. 

f o r  the l , m  direction 

m = cos8 cos4 

From Fig  4.3 the following 
angles 

ions hoid for th e, declination 

cos 8 cos+ cos 
I 

I 

s i n 2  - s i n e  cos&= 

8 .  k h  s 
t ? . 4 # @ 4 - - f ; , e - A  - 

I 








